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We propose using highly excited cyclotron states of a trapped electron to detect meV axion and dark-
photon dark matter, marking a significant improvement over our previous proposal and demonstration
[One-electron quantum cyclotron as a milli-ev dark-photon detector, Phys. Rev. Lett. 129, 261801
(2022).]. When the axion mass matches the cyclotron frequency ., the cyclotron state is resonantly
excited, with a transition probability proportional to its initial quantum number, n.. The sensitivity is
enhanced by taking n, ~ 10°(%LmeY)2 By optimizing key experimental parameters, we minimize the

o,
required averaging time for cyclotron detection to #,,, ~ 107 s, permitting detection of such a highly
excited state before its decay. An open—end-cap trap design enables the external photon signal to be
directed into the trap, rendering our background-free detector compatible with large focusing cavities,
such as the BREAD proposal, while capitalizing on their strong magnetic fields. Furthermore, the axion
conversion rate can be coherently enhanced by incorporating layers of dielectrics with alternating
refractive indices within the cavity. Collectively, these optimizations enable us to probe the QCD axion
parameter space from 0.1 to 2.3 meV (25-560 GHz), covering a substantial portion of the predicted
postinflationary QCD axion mass range. This sensitivity corresponds to probing the kinetic mixing
parameter of the dark photon down to e~ 2 x 10716,
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I. INTRODUCTION

The particle nature of dark matter is one of the major
open problems in fundamental physics [1-6]. Since the
dark matter mass is unknown, dark matter candidates can
be categorized by their mass and spin. Ultralight bosons
are a broad class of dark matter candidates for which the
dark matter has a mass much lighter than 1 eV and has a
macroscopically large occupation number, manifesting as
a coherent classical wave [7-12]. In most models, no
symmetry forbids their coupling to Standard Model
photons, giving rise to the exciting prospect of detecting
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them in the form of precision measurements of electro-
magnetic waves [13-22]. In this paper, we propose a
new detection scheme for such dark matter models in the
0.1-2.3 meV mass range using a trapped electron in a
highly excited state, as a vastly improved version of our
previous proposal [23] (see Fig. 1(a)). Related ion trap
technologies have also been proposed to search for
millicharged particles [24], and superconducting qubits
have been proposed for lower frequencies [25,26].
Among various kinds of ultralight bosons, the most
well-motivated model is the QCD axion [27,28] that could
potentially explain dark matter and also solve the strong
CP problem [29,30]. The QCD axion is a pseudo-
Goldstone boson associated with the breaking of the
hypothetical global U (I)PQ symmetry at an unknown high
energy scale f, [31,32]. Because of its coupling with

QCD, the axion has a mass of m, ~ 0.6 meV(lOl(}%)

[33]. Its mixing with pions generates a photon coupling
given by the Lagrangian [33]
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where a is the axion field and the axion-photon coupling
constant  g,,, = Cy,a/(27f,) is proportional to its
mass m,, due to their mutual dependence on f,. C,),
is an O(1) model-dependent parameter [33]; for the
Kim-Shifman-Vainshtein-Zakharov (KSVZ) model,
Cyyy ~—1.92 [34,35]; for the Dine-Fischler-Srednicki-
Zhitnitsky (DFSZ) model, C,,, ~0.75 [32,36]. More
generally, axionlike particles (ALPs) [37-50] are a broader
class of dark matter candidates that do not solve the strong
CP problem [51], so that m, and g,,, need not be related.
The specified Lagrangian implies that axions can be
converted to photons in a background magnetic field.

The postinflationary QCD axion [52-54] is of particular
interest. If the U(1)p, symmetry is broken after inflation,
then the observed dark matter relic density predicts a
unique axion mass, which was recently estimated to be in
the range m, € (0.04 meV,0.18 meV) [55]. As we shall
see, the proposed new detection scheme probes a large
region of axion parameter space and, in the most powerful
incarnation, reaches down to the QCD axion line in the
0.1-2.3 meV mass range, thus covering a significant
fraction of this particularly well-motivated region.

Another ultralight bosonic dark matter candidate is the
dark photon [56-65], a massive vector boson associated
with a dark U(1)" gauge symmetry. This can be considered
a minimal extension of the Standard Model, with the dark
photon kinetically mixed with the Standard Model photon
via the Lagrangian

1
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Here, A), and F), denote the dark photon and the dark-
photon field strength, respectively; m, is the dark-photon
mass; and € is the kinetic mixing parameter. Its phenom-
enology is similar to that of the axion, but its detection does
not require a strong magnetic field since no such field is
required for dark-photon-to-photon conversion.

A. Outline and summary

In Ref. [23], we proposed and demonstrated that a single
electron suspended in a Penning trap could be a novel
quantum detector with the potential for very sensitive
searches for ultralight dark matter. A 75-times higher
detection sensitivity for dark photons at a frequency of
148 GHz (0.6 meV) was established. Section II reviews the
novel method that can be used to search for ground-state-to-
first-excited-state transitions of the electron cyclotron

motion that are resonantly driven by a dark-photon dark
matter, when its mass matches the cyclotron frequency.
Details are provided in Appendix A. The cyclotron state of
the electron was monitored in real time via a quantum
nondemolition measurement [66]. The electron cyclotron
could be so well isolated from Standard Model photons
from all other sources that no background was anticipated.
Indeed, the demonstration measurement was completely
background-free over a seven-day measurement time. By
tuning the trap magnetic field, the cyclotron frequency w,
could be scanned across the 0.1-2.3 meV mass range. The
demonstration measurement was not sensitive to axions
because the magnetic field of the Penning trap unavoidably
converts axions to an electric field oriented perpendicular to
the cyclotron plane—the one field direction that the one-
electron detector cannot detect.

This paper proposes the addition of three new methods to
enable vastly more sensitive dark-photon searches, and to
add high sensitivity to the most well-motivated QCD
axions with masses between 0.1 and 2.3 meV (see
Figs. 2 and 3), a challenging range for current technologies.

(1) Section IIT shows how detection sensitivity will be
greatly increased by performing rapid measurements
on a highly excited cyclotron state. The large
cyclotron quantum number enhances photon absorp-
tion, thereby increasing the dark matter signal size.
The rapid measurement enables the observation of a
dark-matter-induced excitation before the decay of
the highly excited state erases the signal.

(2) Section IV shows how high axion sensitivity can be
achieved by using a large cavity that is optimally
designed to convert ultralight dark matter to signal
photons, as illustrated in a different context by
BREAD [67]. Our cavity can be designed to
efficiently focus and rotate the polarization of the
signal photons for efficient, background-free detec-
tion by a trapped-electron detector.

(3) Dielectric layers [68], also discussed in Sec. IV, will
be used to further enhance the conversion of ultra-
light dark matter to signal photons.

The basic idea of the sensitive measurement incorpo-
rating the new methods is represented in a simplified way
in Fig. 1(a). A coherent state of the electron’s cyclotron
oscillator, with an average quantum number of about
106(0'1(0—n:ev)2, is generated using a short driving pulse.

Nearly continuous detection of the cyclotron energy will
cause the electron to reveal its cyclotron quantum state.
The detection will be provided by monitoring the fre-
quency of the electron’s axial oscillation along the mag-
netic field direction, which is coupled to the cyclotron
energy by a strong magnetic bottle gradient. A series of
quantum jumps will be observed as the electron radiates its
cyclotron energy into synchrotron radiation one quantum
at a time. The signature of dark matter will be any one-
quantum increases in cyclotron energy that are caused by
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FIG. 1. (a) Schematic diagram of the proposed experimental design. A BREAD-like cylindrical barrel of radius R =1 m in a
By = 10 T external magnetic field filled with dielectric layers of alternating refractive indices (not shown) resonantly converts axions
into photons (yellow lines) that are subsequently focused into a single point. The polarization of the focused signal is rotated and
directed by a waveguide through the opening of an open-endcap Penning trap to a trapped electron, prepared at a highly excited
cyclotron state of n. ~ 10° (Olw—mev)2 In the figure, we showed the largest value at cyclotron frequency w. = 0.1 meV for concreteness.
Figure of BREAD adapted from Ref. [67]. (b)Typical signal form. Although cyclotron jumps can occur in both upward and downward
directions, we identify only the upward jumps as our signal to avoid contamination from spontaneous decays. Consequently, the upward
jump (shown in red) is recognized as the signal amid numerous decays (shown in gray). To prevent loss of sensitivity, the cyclotron
state is never permitted to drop below 90 % of its maximum value by applying a periodic driving pulse with period

Atpulse = 0.34s x (Olm—ltrev)2
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FIG. 2. Projected sensitivity to axion dark matter. The blue
dash-dotted line represents the projected reach incorporating only
a conversion cavity of radius R = 1 min a B, = 10 T external
magnetic field, while retaining the previous detection scheme
of starting at the cyclotron ground state n, = 0 and trapping
n, = 10 electrons. The blue solid line incorporates the same
conversion cavity but starts from initial r, ~ 10° (%%W)Z excited
states, which is only possible with one electron, as explained in
Sec. III C. The blue dashed line additionally includes dielectric
layers that enhance axion conversion. The dielectrics are swapped
out once a month to make this method compatible with frequency
scanning. In all cases, we assume a 1000-day search per decade in
frequency. The “kinks” 0.5 meV are due to the saturation of the
focusing limit. The dark red lines are the prediction of the KSVZ
[34,35] and DFSZ [32,36] axion models. Shaded in gray are
nearby bounds from stellar cooling [94] and the ORGAN
experiment [95].

either a photon dynamically coupled to a dark photon, or
by a photon produced by an axion in a magnetic field.
Sensitivity projections are presented in Secs. V and VI
as a conclusion. In Appendix A, we provide a rigorous
derivation of the sensitivity of our electron cyclotron
detection scheme using Rabi flopping and a “memory-
loss model” to account for frequency width. In
Appendix B, we estimate the backreaction limit, which
is a fundamental limit to all dish-type experiments, and
compute the photon detection efficiency. In Appendix C,
we provide details on how to achieve a large cyclotron
number. Appendixes D and E provide details of the cavity
modes calculation and focusing. In Appendix F, we have
worked out the consequence of a fixed dark-photon
polarization scenario for our experiment, which is repre-
sentative of a class of experiments not addressed in
Ref. [13]: a directionally sensitive quantum sensor with
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FIG. 3. Projected sensitivity to dark-photon dark matter. The

three blue projection lines are based on the same setup as those in
Fig. 2. The red vertical line represents the limit set by our proof-
of-principle measurement [23]. Shaded in gray are nearby bounds
from the DOSUE [96], MADMAX [97], and XENONIT [98]
experiments. The regions below € ~ 107!3, as indicated by the
arrows, may be induced by gravity alone [99].

discrete signals. We also provide a table of all required
experimental parameters in Appendix G.

II. ELECTRON CYCLOTRON AS A DARK
MATTER DETECTOR

A. Electron cyclotron detector

An electron suspended in a Penning trap was recently
used to measure the electron magnetic moment [69] at an
unusual precision, approaching 1 part in 10'3, to test the
most precise prediction of the Standard Model [70,71].
There is a long history of such measurements [69,72-74].
The key advance that enabled the great precision of the
measurements was the realization of a “one-electron
quantum cyclotron” [66]. The cyclotron motion of one
suspended electron was cooled below 100 mK, whereupon
the electron occupied only the ground state of this motion.
Sensitive quantum nondemotion (QND) detection was then
employed to detect driven, single quantum transitions to the
first excited cyclotron state. This was the detector that we
recently demonstrated could be used to detect meV dark
photons with greatly improved sensitivity [23].

In a Penning trap [75], an electron is effectively confined
in three dimensions using a combination of a spatially
uniform magnetic field B = B2 in the axial direction and a
static quadrupole potential,
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1 x? 432
V(r) = Emewﬁ <22 - ) (4)
In this expression we neglect small, higher order anhar-
monic terms (e.g., x*, y*, z*) and the effects of trap
electrode imperfections. The magnetic field in a symmetric

gauge is given by the vector potential A = %B xr.InV,

the single constant m,@? is written as the product of the

electron mass and the square of an axial angular frequency,
for convenience. The B field produces radial cyclotron
motion at a cyclotron frequency modified slightly by V.
The potential V(r) traps the electron in the axial direction
in a harmonic axial motion with axial frequency w,.

For most of the measurements mentioned above, includ-
ing the dark-photon demonstration measurement, the
potential was produced using cylindrical Penning trap
electrodes [76], with electrodes on the surface of a cylinder
and on flat ends. For this proposal, an open—end-cap
electrode geometry [77] is considered instead, with trap
electrodes that are coaxial cylinders. This choice makes it
possible to couple the signal photons from the conversion
cavity into the Penning trap within which the electron is
centered.

Neglecting relativistic effects, the Hamiltonian for an
electron in an ideal Penning trap is

(p—eA)?

H =
0 2m,

+eV. (5)

The axial motion separates naturally from the radial
motion. The axial part of Hy, is that of a simple harmonic

eVo/m,
D b

oscillator with angular axial frequency w, =

p: 1 2.2
H, = 2m, + Emewzz (6)

1
= ho, <aiaZ + 2), (7)

where the effective trap dimension is given by D? =
R%,, +3d* and Ry, and d are the radius and height of
the cylindrical trap, respectively. The second expression
uses harmonic oscillator lowering and raising operators, a,
and a!, that are familiar functions of z and D

The radial motions and Hamiltonian are more compli-
cated because the vector and scalar potentials both depend
upon x and y. However, Ref. [75] introduced two sets of
harmonic oscillator raising and lowering operators that
separate the radial Hamiltonian into uncoupled cyclotron
and magnetron terms,

1 ; 1
H, = ho, <azac + E) - hw,, (ajnam + E) (8)

To an approximation that suffices for our purposes, the
angular cyclotron frequency modified by the electrostatic
quadrupole, w. ~ w,., where w.= eBy/m, is the free-
space cyclotron frequency. Also to an approximation that
suffices for our purposes, the magnetron frequency is
w,, ¥ w*/(2w,.). Both the cyclotron lowering and raising
operators (a, and a.) and the magnetron lowering and
raising operators (a,, and aj,) are complicated but manage-
able functions of x, y, p,, and p,. The raising and lowering
operators for each of the separated motions satisfy the same
commutator relations as those for a harmonic oscillator. For
example, [ac,az] =1.

The energy eigenstates of Hy = H, + H, are direct
products of oscillator eigenstates, |n.,n,,n,,). The low-
ering and raising operators each operate on their respective
oscillator states. For example,

ac|nc’nzv nm> = \/n—c|nc -1, nz7nm> (9)

Clj‘|ncvnzvnm> = V nC + 1|nc + 17nz’nm>‘ (10)

The energy eigenvalues are

1 1
Ey(n.,n,,n,) = (nc + 5) ho, + (nz —|—§> ho,

- (n,n—i-%)hwm. (11)

The angular cyclotron frequency @, is much greater than
the angular axial frequency w,, which in turn is much
greater than the magnetron frequency, w,,. For this work,
the small difference between the trap-modified cyclotron
frequency and the free-space cyclotron frequency is
neglected, and the magnetron is ignored.

Consider detecting one-quantum transitions from the
cyclotron state n,. to n. + 1. The cyclotron energy and state
are difficult to detect directly because the cyclotron
frequency is in the mm microwave regime. The thousand
times lower frequency of the axial oscillation can be much
more easily measured. To couple this frequency to the
cyclotron energy, a magnetic ring that encircles the cylin-
drical trap electrodes is added [78,79] to make a small
magnetic gradient, B,z2, for an electron on the trap axis
(with x = 0 and y = 0). This adds

E., =hs (nc + %) <nz + %) (12)

to the energy eigenvalues, with
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The axial frequency then effectively gains a small depend-
ence on the quantum number 7., and this effect is propor-
tional to o. In effect, whenever the cyclotron state makes a
transition from n. to n. + 1, the axial frequency shifts
accordingly,

w, > 0, + 9. (14)

This shift is large enough with current experimental
methods so that the quantum state of the cyclotron motion
can be unambiguously determined within a fraction of a
second. This way of detecting the cyclotron energy as a shift
of the axial frequency is a quantum nondemolition (QND)
measurement, insofar as the addition to the Hamiltonian that
produces E., commutes with H,. The important conse-
quence is that repeated measurements of the cyclotron
energy do not change the cyclotron quantum state [79].

The above description holds for small cyclotron quantum
number n. < 10. We will address how this is modified
when introducing the technique of highly excited states in
Sec. III.

The axial frequency is measured by Fourier transforming
the oscillating image current generated in the wall of the trap
due to the axial motion. By monitoring this axial frequency,
the cyclotron quantum number 7., and hence the quantum
state, is continuously monitored. The “continuous” axial
detection has an unavoidable averaging time ¢, that is
needed to distinguish a cyclotron transition signal from
Johnson noise. A measured axial frequency shift, Aw,_,
could be caused by some combination of a cyclotron energy
shift and noise in the detection electronics. For a given
averaging time, we identify a Aw, as a cyclotron excitation
if Aw, is larger than 6 by 5 standard deviations of the signal
during this averaging time.

A dilution refrigerator keeps the trap electrodes at a
temperature that we will assume is 7 =10 mK~
1073 meV so that blackbody photons do not have enough
energy to excite the cyclotron motion, which has an energy
threshold of #Aw, = 0.1-2.3 meV for our search. The
theoretical blackbody excitation rate is

1
FBB = ncycﬁom X n. X 10_51 S—l’ (15)

where .o = 4aw?/(3m,) ~0.3-100 s™! is the ground
state cyclotron damping rate in the trap. Even for cyclotron
states as high as n, ~ 10° that we will consider in this paper,
the Boltzmann suppression makes the background rate
negligible. In the demonstration dark-photon measurement
[23], we observed no cyclotron excitations for seven days

for a temperature of 30 mK [23]. The measurement was
thus background-free for seven days.

B. Simultaneous dark-photon and axion detection

The basic idea of these measurements [23] is to search for
one-quantum cyclotron transitions caused by dark matter
with mass m that is resonant with the cyclotron frequency
o, insofar as mc?> = hw,. A search for dark matter over the
largest mass range is done by sweeping the magnetic field to
vary the cyclotron frequency over the largest range. In the
demonstration apparatus, the magnetic field could likely be
reduced so the minimum frequency and energy for the
search range is w./(27) = 25 GHz ~ 0.1 meV/(2zh). The
lowest possible limit depends upon the temperature (to
keep the measurement free of background), the relative
size of the trap and the cyclotron orbit, and keeping the
cyclotron frequency well above the axial frequency. In the
demonstration apparatus, a maximum frequency w../(2z) =
180 GHz = 0.75 meV/(2z#h) would be accessible. With a
20 T superconducting solenoid, the maximum could be
increased to ,./(27) = 560 GHz ~ 2.3 meV/(2zh) for
the frequency/mass of the dark matter.

Introducing sensitivity to the axion, in addition to dark
photons, requires converting the axion to a photon in a
magnetic field away from the Penning trap of the quantum
cyclotron. The field converts the axion to a photon
polarized along the magnetic field direction. This polari-
zation must be rotated so as to be perpendicular to the
magnetic field within the trap in order to produce cyclotron
excitation. The separated conversion and detection volumes
have two additional advantages. (1) A larger and more
efficient conversion “antenna” can be used (Sec. IV C).
(2) The conversion field, and hence the conversion effi-
ciency, can be left fixed at the largest possible value while
the field of the one-electron quantum cyclotron is swept
over the widest possible range of possible axion masses.

C. Cyclotron transition rate

The rates at which dark photons and axions produce
cyclotron excitations are summarized here, as is the
constraint that comes from observing no excitation in a
given observation time. The detailed derivation on which
this is based is summarized in Appendix A.

A dark photon would excite a cyclotron state with
quantum number 7, at a rate

'For convenience, we will adopt natural units where 2 = ¢ = 1
throughout the remainder of this paper, except in numerical
results where we explicitly show the dimensional factors. The
conversion between mass and frequency will follow the con-
ventions shown here. In particular, we will give numbers and
label plots by mass in meV and frequency in GHz with this 277
conversion factor between them. So, for example, a 2.3 meV
mass corresponds to a 560 GHz frequency.
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2,2
+1
eenlne+ 1)pom gog) (16)

2m,my  Aw

Fc.free -

depending upon a frequency width, Aw. This width is
approximately the larger of the cyclotron decay of the state
via synchrotron radiation, Aw,., and the anticipated width
of the dark matter, Awy = 10°my. (sin’ @) =2 is the
average dark-photon polarization. This equation holds true
only in free space; the boundary condition of the surround-
ing conductor gives rise to a cavity factor k%, to be
discussed in Sec. IV:

,ereln(n, + 1) pom (sin0).

17
2m,my  Aw (17)

1—‘c.cavity =K

If no excitation is observed over an observation time of
fohss the inequality,

1
Fc,cavity < _é«t—log(l - CL)’ (18)

obs

expresses a constraint at confidence level CL = 0.9, where
¢ is the detection efficiency.
For the axion, we have an analogous formula,

2 2

r oYy g ealne+1)pou

c.cavity — K m3 ext 'm Aw’
a e

(19)

where B, is the external magnetic field that converts
axions to photons. The same inequality pertains to the
confidence limit.

III. ELECTRON IN A HIGHLY EXCITED STATE

Our earlier proposal and demonstration was sensitive to
any dark matter that was able to excite the cyclotron ground
state of one trapped electron into its first excited state. QND
detection revealed no background transitions at all for at
least days. With no background, the sensitivity was high
enough to realize a 75-times higher dark-photon sensitivity
at 148 GHz.

The cyclotron excitation rate in Eq. (17) increases
linearly as n, when the electron cyclotron detector is a
highly excited cyclotron state rather than its ground state.
The higher the cyclotron state, however, the more rapid the
decay of the state. This section explores what is required to
realize an enormous sensitivity gain without introducing
background.

A. Excited state and averaging time

The main obstacle to realizing the enhanced sensitivity
of a highly excited state is that the decay rate increases with
increasing n.. The electric dipole approximation is valid
because the largest electron wave function we consider has

asize of 0.2 mm [Eq. (41)], which is still much smaller than
the shortest relevant wavelength of a signal photon,
Ay = 1.2 mm. The selection rules allow for decay only
from n. to n. — 1. The free-space decay time for a cyclo-
tron energy eigenstate with quantum number 7,

1 3m,c?

34 1Y) /0.1 meV\2
= =34 s— || ———
fe n.4a(ho,)? n, hw,

1 24 GHz\?
ey

is given by Fermi’s golden rule. The 0.1 s decay time” of the
first excited state in a 6 T magnetic field decreases inversely
with n,. The lifetime also falls inversely as B if the field is
increased because of the w? dependence. This will be
important when the magnetic field is swept to vary the dark
matter energy to which the one-electron detector is sensi-
tive to. Reducing the resonant frequency of the detector by
a factor of 10 increases the excited state lifetime by a factor
of 100.

To avoid missing the signal, the averaging time f?,,.
required to detect a one-quantum transition must be shorter
than the cyclotron lifetime 7.. Therefore, the shortest
averaging time we can achieve sets the highest possible
n.. However, 7,,. must be at least as large as the following
three timescales.

(1) fggna» the minimum time it takes a signal to form;

(2) t4e, the time it takes the detector to read out the
signal;

(3) tsnr, the integration time needed to achieve a
desired signal-to-noise ratio of SNR = 5 over John-
son noise.

Thus, we require

Te 2 lyye 2 Max (tsignab ISNR> tdet)' (21)

We determine these timescales next to ascertain the largest
feasible n,.

1. Signal formation time

When a jump occurs in the cyclotron mode, it takes some
time for this change to be reflected in the electron’s axial
motion and the detected axial image current. The axial
oscillation is driven to an amplitude that can be detected,

*Much longer decay times pertained for the demonstration
experiment. There, the lifetime of excited cyclotron states was
dramatically increased by the microwave cavity deliberately
formed by the trap electrodes [76,80]. When all resonant cavity
modes had frequencies far from resonance with the TE and TM
modes of the trap cavity, this cavity inhibited spontaneous
emission by a factor of 200 or more compared to free space
[74]. For the measurement in the open Penning trap proposed
here, however, inhibited spontaneous emission is not a major
factor.
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Zmax» DY applying an RF drive to one of the end cap
electrodes. An axial frequency shift of § signals a one-
quantum cyclotron transition. The uncertainty principle
requires a detection time of at least 1/§ to detect this shift.
This signal settling time,

1
Lsignal = 5 ’ (22)

can be realized using the beat between the axial signal and a
reference close to w,, as detailed in Appendix C 1.

Achieving the smallest possible signal settling time
requires the largest possible magnetic bottle gradient
strength, B, to couple the cyclotron and axial motions,
and the lowest possible axial frequency w,, because

€B2

m,@,

5= (23)

The large B, that is desired increases in proportion to the
saturation magnetization of a ferromagnetic ring of radius
Ry that encircles the trap, and the smaller possible Ry, is
thus desired. For a cobalt-iron bottle ring with the proposed
0.5 mm radius, the saturation is reached at B = 0.1 T. The
maximum value is then

The axial oscillation frequency is given by the expres-

sion
eVO
= , 25
@, =\ 25)
where the effective trap dimension is given by
D?> =R}, +31d* The trap height is fixed at d ~ 2Ry,

due to an anharmonicity constraint [77]. This specific
geometry ensures that a signal photon is not significantly
suppressed when reaching the center of the trap, where the
electron is located, even if the longest photon wavelength
considered, 4, = 27/w,. = 12 mm exceeds the trap aper-
ture [81,82]. Consequently, the minimum achievable trap
and bottle sizes are only constrained by current fabrication
limitations, allowing for radii as small as Ry, =
Rpo: = 0.5 mm, with the encircling magnetic bottle ring
integrated onto the surface of the open trap [see Fig. 1(a)].

Furthermore, the voltage V, can be easily varied between
0 and 100 V, enabling a wide range of possible values for
.. While, in principle, @, can be minimized to reduce
Isignal> it should be noted that the detection time, to be
discussed next, exhibits an inverse dependence on w,,
ultimately leading us to select w, ~ 2z x 10 MHz as the
optimal operating frequency.

Using the maximum achievable B, for the selected small
bottle size and axial frequency, we obtain a remarkably
short signal formation time of

1 w,/2n Rpor )2
famat = = = 2.9 x 1076 [ 2% o) (26
signa = 5 = 2.9 % S(10 MHZ) <o.5 mm> (26)

2. Detection time

The detector used to monitor the axial image current is a
resonant RLC circuit [83] with a bandwidth defined as

,
Ydet = 7> 27
aet Qdet ( )

where the maximum detector quality factor is empirically
determined as’

(28)

. /2n

| MH
Ouu = 2.8 % 105< Z).

The resonant circuit requires a time equal to the inverse
of the bandwidth to fully build up a detectable signal:

1 10 MHz\ 2
fyg = — = Qact _ 446 % 10 <7Z> . (29)
Y det @, wz/2”

As aresult, while lowering w, can decrease fgy,, it cannot
be done indefinitely, since it will simultaneously increase
tset- Moreover, for an axial frequency shift § to be
detectable, it must remain smaller than the detector band-
width, imposing an additional constraint,”

o0< Ydet = tsignal 2 ldets (30)

which must be satisfied by the chosen value of w,.

However, the constraint in Eq. (30) can also be satisfied
by using a smaller effective quality factor, Qgeefr < Qger-
This adjustment can be achieved by analyzing the reso-
nator’s output outside its bandwidth without altering the
physical quality factor Qg [84]. Let g denote the ratio
between Queqefr and Qe

Qdetett = g X Qger» (31)

which can be varied during data analysis. Under these
conditions, the detection time is reduced to

This formula assumes a factor of 2 improvement than
currently available by using superconducting wire made of
Nb-Ti, since it is in a high magnetic field.

“This condition can be relaxed if we use more than one drive.
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1 o Qdel.eff
Y det.eff o,

) g\ /10 MHz\2
—272% 1076 . (32
% S<0.0061> ( w,)21 (32)

This approach allows flexibility in optimizing the detection
time without compromising the overall quality factor of the
system. While, in principle, we can arbitrarily decrease ¢ to
lower the detection time, the SNR time has the opposite
dependence on ¢, as we shall soon see, leading us to choose
the above optimal value.

tdet(Q) =

3. SNR time

Another limit on the averaging time is set by fgygr, the
duration required to achieve the minimum signal-to-noise
ratio above Johnson noise, chosen here as SNR = 5. This
value can be estimated from the ratio of the signal energy to
the noise energy:

E .
SNR? = —siegnal (33)
noise
Psi naltSNR
ST 9
E. y.t
- —Z;;/Sgl‘ , (35)

where the noise energy is defined as half of the temperature
of the SQUID detector’s resistor, 7 = 0.01 K. The signal
power is determined by the dissipation of the axial motion,
Pggna = Ey,, with E, =1m,wlz,, representing the
energy of the axial motion and y, denoting the axial
damping rate. This derivation is consistent’ with the result
obtained in Ref. [85].

The axial damping rate is given by the expression [86]

1 [ed)\?
Ve = — <_1> Resr (36)

m, \ d

where d is the height of the trap, d; = 0.9 is the image
charge parameter [76,77], and the effective resistance R
is modeled using the empirical formula [86],

| MHz\ 2
Rt = ¢ X 6000 MQ( Z) .

w,/2x (37)

There appears to be a discrepancy by a factor of (ﬁ)z. This
factor arises because the amplitude of the electron’s Lorentzian
response is proportional to z;,x & min (% 1). Reference [85]

addresses the regime 6 < y,, while our work focuses on the
opposite limit, § > v,.

Substituting these expressions into Eq. (35), the aver-
aging time required to achieve the desired SNR is
calculated as

SNR2T,
ISNR = 57 (38)
2Ey,
B SNR2T, d \? (39)
g x 6000 MQ(27 MHz)? \ ed| Zmax

0.0061\ / Ryap \2
:2.85><10—6s< p )(25;]3 ) (40)

where we have used d =2R,,. The maximum axial
amplitude,
R

Zmax = 2“;" = 0.2 mm, (41)

is set by the axial anharmonicity constraint discussed in
Appendix C2.

4. Maximum cyclotron number

We optimized the three timescales (Zgnal> faer» and ZsNR)
with respect to the independent variables ¢ and w,, subject
to both the axial anharmonicity constraint and the band
width constraint, Eq. (30). The detailed calculations are
provided in Appendix C 2. The resulting optimal values are
g =0.0061 and w,/27 =9.8 MHz, yielding a lower
bound on the averaging time:

1 (24 GHz)2
fae =2.85x 1070 s <7, = 3.4 s<—) < Z)
nC wc/zﬂ

1\ /0.1 2
— 34 s(—) (L meV) : (42)
n. my

with the corresponding optimal cyclotron number

24 GHz 2 0.1 meV)?
M mae = 1.2 % 106< Z) — 1.2 %106 <&> :
w./2rx My

(43)

The large n, used here violates assumptions underlying
the description of magnetic bottle coupling in Sec. IT A.
The Hamiltonian governing the effective axial motion
consists of the pure axial motion and the axial-cyclotron
bottle coupling [86],

1
Hz.eff = HZ + HL'Z = Emew%zz + ZﬂBanL.Zz (44)

—_—

5 mewg,effzz’ (45)
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where up =e/2m, is the electron magnetic dipole
moment, the pure axial frequency is set by the potential
as w? = eVy/m,D?, and the effective axial frequency is
given by

O, ot = 0,4/ 1 +2n.6/w,. (46)

For small n,., the axial energy is dominated by the first term
in Eq. (44), allowing us to interpret w, ~ w,.; as the
physical axial frequency. However, when n,. becomes large,
the second term dominates, and @, merely serves as a
parameter, while @, is the effective axial frequency.

To keep w, ¢ stable, we implement a voltage feedback
mechanism on V|, ensuring that @, remains fixed at
27 x 9.8 MHz. Consequently, V; now depends on 7., and
for n.> 10, it must change sign to cancel the large
contribution from n., resulting in an imaginary w,. The
maximum required |V| is about 200 V. This change in
electric field direction also changes the sign and magnitude
of the magnetron mode: w,, becomes negative and much
larger. Instead of having a metastable magnetron with a
slow increase in quantum number, we have a slowly
decreasing magnetron number with a stable ground state,
while the lifetime remains unchanged.

Furthermore, when 7. jumps by 1, the effective axial
frequency shifts by Aw, . = (@,/®, )6, which follows
the same functional form as the original shift 6, but with e,
replaced by w, . Therefore, once the voltage feedback is
implemented and w, . is stabilized, we can dispense with
these subtleties and continue to use the previous formulas
with the understanding that @, in fact denotes w, ¢, and &
in fact denotes Aw, . All other relevant properties of the
Penning trap system remain unchanged except for w,,.

We conduct several additional consistency checks in
Appendix C 3 to ensure that such a large cyclotron quantum
number, 7, ., does not introduce additional complications
(e.g., an excessively large radial wave function size). All
relevant experimental parameters are summarized in Table I
in Appendix G. Notably, every parameter used in our
analysis is either compatible with current technology or
anticipated to be achievable in the near future.

5. Preparing a high n, state

To prepare the highly excited state |n., max), we
periodically apply a resonant external cyclotron drive to
the trapped electron. As the wave function expands, the
resulting frequency shift in the cyclotron mode is approx-
imately 0.045 GHz, which remains insignificant compared
to the axial bottle broadening of Aw./27 = 1.21 GHz [see
Eq. (53)]. The required driving power is on the order of
1071 mW, which is far lower than the typical 10 mW
output of commercially available sources.

Such a classical driving procedure typically produces
coherent states rather than pure cyclotron eigenstates.

However, the nearly continuous QND measurements of
axial frequency rapidly collapse the coherent state into a
definite cyclotron number state, |n.). Mathematically, a
coherent state is represented as a superposition of infinitely
many energy eigenstates, parametrized by a complex
number a:

© ne
a c
@) = 712y Ine). (47)
vn,!
n.=0 ¢
We employ a resonant drive to generate a coherent state
with |a|? = 1, e The resulting distribution of cyclotron
states follows a Poisson distribution with mean value |a|* =
Remax [87]:

2n, ,
L (48)

(e =5
Thus, up to a minor quantum fluctuation, this approach
yields the desired state, |n.), where n. & 1. ma  |/fcmax-
Given the known initial value of w,, along with the
corresponding frequency shift , we can precisely deter-
mine the specific cyclotron number of the system.

Since the observation time per frequency bin, 7., (see
next subsection), is significantly longer than a typical
cyclotron lifetime, 7., the cyclotron state will inevitably
undergo numerous decays during the course of the experi-
ment. Selection rules permit only the transitions n, —
n. — 1, which manifest as a frequency shift v, - w, — 6.
This decay-induced frequency shift is clearly distinguish-
able from the opposite shift ®, — @, + 6 that would result
from a dark matter interaction [see Fig. 1(b)]. Therefore, we
can continue searching for a dark matter signal uninter-
rupted, even while observing multiple decays.

To prevent a significant reduction in sensitivity due to
cyclotron decay, we periodically reinitialize the state to
|nc.max)» @ process that takes negligible time. By reapplying
the preparation when n,. decreases to 90% of its initial
value, the time interval between successive preparation
pulses can be estimated using Eq. (20) as

e max 24 GHZ 2
Alpyise = ) :()29; (AUMNCHES 034S< w27 )
0.1 meVY?
—0.34 s<$> . (49)
my

The shortest required pulse time is approximately a
millisecond, which is entirely feasible for implementation
in our experimental setup.

B. Cyclotron bandwidth and scanning

The frequency width appearing in the transition rate
formula, Eq. (17), is defined as the larger of two widths:
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Aw = max(Awy, Aw,.), as detailed in Appendix A. Here,
Awy = é”DAD’A ~ 107%m, represents the intrinsic dark matter

width, and Aw, = ‘é# is the cyclotron linewidth. The dark

matter quality factor, Qpy, is determined by its virial
velocity, while Q. is the cyclotron quality factor, which
depends on specific properties of the experimental
apparatus.

It is crucial to scan the cyclotron frequency across bins
of width Aw without leaving gaps in between. For
frequencies outside the bandwidth, a detuning parameter
D > Aw, results in a quadratic loss of sensitivity in D, as
predicted by Rabi’s formula, Eq. (A24). This sensitivity
loss cannot be compensated by simply increasing the
observation time per bin (which would only provide a
linear gain), contrasting with the behavior in a thermal-
noise-limited experiment [84].

As we elaborate below, the value of Q. does not impact
the reach of our experiment, provided that the experiment
remains background-free. This behavior also contrasts with
that of a thermal-noise-limited experiment [84], where
operating in the resonant limit is always advantageous.

When Q.. exceeds Qpy, the transition rate is governed by
Aw = Awy and thus becomes independent of Q.. The
widely adopted strategy in this resonant regime is to allocate
an observation time of approximately 7, & o1/ Opm PEr
bin to maintain comparable sensitivity over an entire decade
of dark matter mass. Conversely, when Q.. falls below Qps,
the experiment enters the broadband regime. Here, the
transition rate is determined by Aw = Aw,, resulting in a
linear decrease of the transition rate with Q,, as shown in
Eq. (17). However, the increased signal width in the
broadband regime allows for longer observation times per
bin, approximately f.ps ® fiom/ Q. Consequently, these
effects cancel out, leaving the experimental reach nearly
unchanged.6

Nonetheless, determining Q.. is still essential for calcu-
lating the appropriate value of ., for the experiment. In our
previous work [23], the electron cyclotron was characterized
as a high-Q resonator with a quality factor of Q. = 10.
However, this characterization changes significantly due to
the need to increase B, to a much larger value in order to
reduce the signal formation time (see Sec. IIT A 1).

The cyclotron linewidth, Aw,., is given by the sum of two
terms: the damping rate y, = 77! and a bottle broadening

term wcg—ngnax [86], which captures the cyclotron fre-

quency uncertainty induced by the magnetic gradient B,z>.
Thus, the effective cyclotron linewidth is given by

®Note that 0, = w,/Aw, varies with w,, while Qpy = 109 is
a constant. This difference causes the resonant and broadband
regimes to exhibit distinct scaling behaviors in sensitivity to € (or
Jayy) @s a function of my (or m,), differing by a factor of \/m,.

B
ch = W, B_zzrznax +7e (50)
0
2 2
€ 5 Zmax 4aw;
=—8B +n,—— 51
m, ’ R, e 3m, (51)

_ - ne @D ?
=5x10meV+2x10 7meV<106> (W) (52)

10°) \24 GHz
(53)

2 2
Aw,/2x=1.2GHz + 4.8 x 1075 GHZ<nC><wC/ ”) :

Even for the maximum achievable cyclotron number,
n., the linewidth is dominated by the bottle broadening
term. As a result, the quality factor gets degraded to

0, =2 =20 x (;7%) = 20 x (227), which is much

wider than the dark matter width Qpy = 10° across
the entire frequency range of interest. Consequently, the
experiment operates in the broadband regime, where the
observation time per frequency bin is determined by

Aw,
Tobs = liotal =™ (54)
A’ max — MA’ min
5% 1073 meV
= 1000 d 55
B meV — 0.1 meV (55)
~ 5.5 days, (56)

assuming a total observation time of 1000 days per decade
in frequency.

C. More electrons?

If we trap n, electrons, the cyclotron transition rate scales
linearly: I'c caviy = 7oL cavity- Intuitively, this would sug-
gest an improvement in sensitivity. This reasoning holds
true in the low cyclotron number regime, and in our
previous work [23], a configuration with n, = 10 electrons
was proposed. However, as we demonstrate below, in the
optimized regime explored here, trapping more than a
single electron ceases to provide a sensitivity advantage.

We experimentally found that only the average axial
image current of all n, electrons can be measured, and the
signal shift, 6, scales as 1/n,. If a cyclotron transition
occurs for one of the electrons, it becomes impossible to
identify which specific electron underwent the transition.
This introduces the risk that the signal could be canceled by
a subsequent decay of another electron before a detection
can be made. As a result, the effective cyclotron lifetime is
reduced by a factor of n,, 7.4 = 7./n,. This reduction
also lowers the optimal cyclotron number by a factor of n,
[Eqg. (42)]. Since the transition rate is proportional to n.n,,
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these two effects cancel out, eliminating any net gain in
sensitivity from trapping multiple electrons.

However, during the R&D phase of the experiment,
achieving the optimal parameters may not be feasible in
the initial iterations. Under these conditions, trapping
multiple electrons could temporarily enhance sensitivity.
Nevertheless, it is evident that increasing the number of
trapped electrons does not contribute to the ultimate
sensitivity in the fully optimized regime.

IV. ELECTRON IN A CAVITY

The cyclotron transition rate, as given in Eq. (16), only
holds when the electron trap is in free space. In reality, the
electron is surrounded by metallic conducting surfaces,
which ground any electric fields parallel to their surfaces.
This presence of conductors can significantly modify the
expected transition rate. Counterintuitively, an appropri-
ately chosen geometry of conducting shield can even
enhance our sensitivity to dark matter due to a “focus-
ing”-like phenomenon. We begin by providing an intuitive
physical explanation of this effect before proceeding with a
detailed mathematical derivation.

The concept of using dish antennas to focus dark-photon
and axion-induced electromagnetic radiation was first
introduced in Ref. [88]. The core idea is as follows: as
discussed below, a metallic surface exposed to dark photon
or axion dark matter generates Standard Model electro-
magnetic radiation normal to the surface. In the ray optics
approximation, a spherical surface would emit rays that
converge at the center, thereby concentrating all the
radiated power at that focal point. This effect arises under
the assumption that the Standard Model radiation is purely
outgoing from the conductor’s surface. Such an assumption
is valid when a good absorber is positioned at the center of
the spherical surface.

In contrast, our setup involves a single electron located at
the center of the cavity, which absorbs only a negligible
fraction of the available energy. Therefore, both outgoing
and incoming modes (or equivalently, standing wave
modes) must be considered to accurately describe the
focusing effect in an absorber-less cavity, as opposed to
purely outgoing modes. We begin by providing an intuitive
explanation based on ray optics in Sec. IVA. This is
followed by a rigorous derivation of the radiation pattern
inside the cavity, without relying on the ray optics
approximation, in Sec. IV B, demonstrating that the focus-
ing effect still persists.

A. Ray optics

We start by estimating the focusing effects with the ray
optics intuition here and provide the rigorous justification in
the next subsection. Consider an infinite conducting plate
immersed in a dark-photon dark matter (DPDM) back-
ground (everything below is the same for the axion as long

as there is an external magnetic field). As long as the electric

field sourced by dark photon has a parallel component E}‘)M,
the electrons in the conductor will be accelerated and start
oscillating. This process must generate radiation in a way

that cancels EBM at the conductor surface in order to satisfy
the conductor boundary condition (assuming the wave-
length of the dark photon is much larger than the skin depth
of the conductor). By planar symmetry, the radiation must
be in the form of a plane wave, as shown in Fig. 4(a). In
equations,

E}‘)M cos (myrt + myvx) + EL'W cos (wt —kx).  (57)

Here x is a space coordinate with x = 0 defining the metal
plate. Let us start by ignoring the term proportional to
v~ 1073 for now. Requiring that Ell = 0 at x = 0 gives

E‘le:_ l‘aMzex/m

®=my. (58)

So, metal plates generically source e-suppressed plane
waves with frequency given by the DPDM mass, my/, as
a characteristic signal of dark-photon dark matter [88].

Now, suppose we wrap the conducting sheet around to
form a cylinder. All radiation sourced by the boundary
conductor will go through the central axis, enhancing the
energy density there: the incoming power is proportional to
the cylinder circumference 2zR, which is concentrated into
aregion of the size of the dark-photon wavelength m:‘,] ; see
Fig. 4(b). Therefore, the enhancement is captured by the
factor

K'ZN

— (cylindrical focusing). (59)

m Al

Here, we define x? to be the enhancement in power, such
that k is the enhancement in the fields. We just need to
multiply our free-space transition rate by a cavity factor >
to incorporate cavity effects:

1—‘c,cavity = Kzrc,free~ (60)

This effect is known as “focusing.” It was first proposed
in the context of dish antenna [88], and a similar technique
was recently proposed by BREAD for a paraboloid
geometry [67]. Cylindrical focusing was employed in
our proof-of-principle measurement [23], with the cylin-
drical trap cavity naturally playing the role of the focusing
apparatus, and with an enhancement factor of x> = 2.37 at
the chosen frequency.

A spherical geometry would give rise to a more powerful
focusing effect. By the same argument as above, the
incoming power is proportional to the surface area 47R?,
giving rise to a quadratic enhancement
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2
K% ~ (m‘]> (spherical focusing). (61)

See Fig. 4(c). Therefore, in order to maximize the sensi-
tivity to dark photons, we want a large, spherical cavity. In
Ref. [23], we proposed a spherical trap cavity with
K = 4000.

The electron cyclotron is only sensitive to electric fields
in the xy plane, perpendicular to the magnetic field. Let the
x direction be the dark-photon polarization projected onto
the plane. Then the portions of the cavity near the
intersections with the x axis do not experience a parallel
electric field. For example, in the cylinder, not the entire
circle contributes to the focusing; see Fig. 4(d). However,
this minor effect does not change the scaling of «2.

1. Pointlike nature of electrons

We have assumed the electron is pointlike, which is valid
as long as the dark-photon (or axion) Compton wavelength,

Ay = 2 _ 12 mm 0.1 meVy 12 mm 24 GHz ’
My my w./2rx

(62)

is much larger than the size of the electron wave function.
The cyclotron, magnetron, and axial radii are given by [89]

2 24 GHz\ 1/2
=39x 107 2 (2222
eWe x mm(”(;) ( (l)c/ZH)
1/2
~ 3.9 x 1075 mm(n,)"/? <01—meV> (63)
nmy
24 GH
=3.9 % 10-5 mm(n )1/2< 5’2;)
1 meV /2
=3.9 x 10-5 mm(n,,)"2 (0&> (64)
mA/
1/2
—60x 10~ mm(n )]/2<1 MHZ) :
w,/2n
(65)

The conditions r, r,,, r, K A4 are always satisfied for all
relevant quantum numbers.

2. Limit on focuser size

We cannot arbitrarily increase the size of the cavity to
indefinitely enhance focusing. When the radius of the
cavity R gets larger than the de Broglie wavelength (i.e.,
coherence length) of the dark photon,

2 0.1 meV
ﬂcoherence = /1dB = =12 m<—)
my v my
24 GHz
=12 , 66
m( w/2n ) (66)

the hitherto-ignored phase myvx in Eq. (57) becomes
significant and smears out the focal region [90]. Once this
limit is reached, any additional signal power from focusing
is spread to a larger volume, but the local power density the
electron feels is constant. Therefore, the maximum cavity
factor for a spherical cavity is

27\ 2
Krznax,sph ~ (%) ~4x 107, (67)

and the maximum cavity radius at which this limit is
reached is R,,x = Aqg- The argument holds for the axion
as well.

B. Wave optics

In this section, we derive the enhancement factor x using
first principles from wave optics, focusing on cylindrical
and spherical trap cavities as dark-photon converters. As
mentioned, since the axion is a scalar with no intrinsic
polarization, the electric field produced by its conversion
aligns entirely with the direction of the applied magnetic
field, rendering it undetectable by our cyclotron sensor,
which is sensitive only to fields in the plane perpendicular
to this direction. We will address the resolution to this
problem using a more complicated focuser geometry in the
next subsection.

The key quantity of interest is the observed electric field’

E‘C’Ejltyx(ﬂ) at the center of the cavity, in the x direction,

defined as the projection of the dark-photon polarization
in the plane perpendicular to the trap’s magnetic field
(Z direction). In a generic cavity, the electric field resulting
from the interaction of the dark photon with the cavity needs
not align with the x direction. However, this alignment holds
for cavities with at least cylindrical symmetry. For such
geometries, we define the enhancement factor « in terms of
ESs. (0) and the free-space electric field E2%  as

cavity,x free,x

Eobs (0) 2

cavity,x

Eobs

free,x

K'ZE‘

(68)

We begin by solving Maxwell’s equations for the
electromagnetic fields inside the cavity. The dark photon
induces an effective current [91],

"The observed field is defined as the sum of the Standard
Model electric field and the e-suppressed dark-photon field:
E® = E + ¢E'.
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Jog = —em% A'A, (69)

which acts as a source term, while the fields themselves
must satisfy the cavity’s boundary conditions. Neglecting
velocity-suppressed terms and assuming harmonic time
dependence of the fields, the general solution can be written
as a sum over the cavity’s modes E, (x) [91,92]:

E2s (x) Zc E,(x) + O(v), (70)

where n is a set of discrete indices labeling the vacuum
cavity modes with resonant frequencies w,, and the
coefficients ¢, are determined by the overlap of the
dark-photon current with each mode:

—io [ dxE;(X) - Jogr
w? —* [ &Px|E,(x)?

C, =

(71)

Here, the driving frequency is the dark-photon mass
@ = my, and the integral is over the interior of the cavity.
The enhancement factor x becomes

? [&xE;(x)- % RE
‘an _i zfd3x|E (x)? E"(O)'x :

=G,

(74)

Roughly speaking, the factor G,, encapsulates the overlap
of the cavity mode with the dark-photon current, while the

8 2
factor 2‘" - counts the number of resonances less than w.

For more complex geometries without cylindrical sym-
metry, G, would include contributions from multiple
components of J.¢, making the enhancement x = k()
dependent on the dark-photon angle.

The final expression for the cyclotron transition rate
in the cavity with at least cylindrical symmetry is thus
given by

2,2 qin2
' 2m,my Aw

where x? depends on the detailed geometry of the cavity.

5 Ch 2 We now apply the above general formalism to specific
K= Zn : 7 E,.1(0) (72) cases of spherical and cylindrical cavities. This will allow
iweA
! us to illustrate how focusing works quantitatively and
—io [ BxE5(X) - [—ew? (AL + AL2)] justify the ray-optics argument given earlier.
Z 3 2 As derived in Appendix D I, for a spherical cavity of
"l — w? [ &@x|Eq(x)] . . .
. 5 radius R, the cavity factor is expressed as a sum over a
discrete index p:
x——E, (0)], 73 p
ia)e A; n,x ( ) ( )
) N 2
where we used EQ = ¢E} . = imyeA},.. For a cavity Kiphere (@ Z o Gyl (76)
with cylindrical symmetry, the dark-photon component A’, p=l
cannot generate an x-directed field at the origin. Therefore,
only the A/ term contributes: with GY"™™ defined as
8 '3
Gsphere __° ’ )4 ) 77
r 3]1(u ) 24 2u'7, = 2u't, +2(=1 +u'7,) cos(2uy,) + uj, (=4 + u'7,) sin(2u ) (77

Here, j,(x) are the spherical Bessel functions, J,(x) =
xj,(x) are Harrington’s spherical Bessel functions, u;,, is
the pth zero of the derivative J,(x), and w, = u},/R are
the resonant frequencies.

For typical dark-photon masses that do not coincide with
resonances, the sum is dominated by the nearest mode .
among all the w,,, giving

w?

(0, +o)(®, — )

2
sph
Kgphere(w) ~ G;’E 1 (78)

|
We can approximate @, + o ~2m. Since w, = u’lp/R ~
w,_y +n/R for large p, the typical difference is

— ~ T
W, —0OR So we have

2wR

T

hy
Kgphcre(w) ~ G;{ e

(79)

¥The addition of an imaginary part to the resonant frequencies
®,, given by the cavity quality factor Q,, renormalizes diver-
gences of ¢, by taking into account wall losses [92]. These
quality factors will be suppressed when they are not relevant.
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In Eq. (77), the u’ ‘l‘p term dominates the denominator for
large p, so G;phm scales as

4
sphere .
G| 5 L o | (50)

g )
which is a constant. Finally, we conclude that the cavity
factor for sphere scales quadratically:

Y CY

ny

8wR
3

Kf‘phere (a)) =

which matches the ray optics prediction of area focusing.

In Fig. 5, we show that our estimate, Eq. (80), closely
matches the exact expression, Eq. (77), up to the cavity
modes that we have averaged over. The behavior near the
resonance is sensitive to the quality factor of the cavity.

We can also show that a cylindrical cavity has a linear
focusing. The calculation is more involved, and we relegate
it to Appendix E.

C. Open trap with large conversion cavity

Having established the validity of the geometric ray
optics argument, we now apply it to our experiment. In our
earlier work [23], we proposed a spherical trap of radius
Rip = 25 mm, which served as both the trapping and
focusing apparatus. This configuration provided a cavity
factor of k2 & (my Rygap)? ~ 4000 (524 )? = 4000722 ),
Although significant, this enhancement remains far
below the theoretical maximum for a spherical geometry,
Kfnax’sph ~ 107 [see Eq. (67)].

The limitation arises because the trap must fit inside the
magnetic bottle ring, which requires a small size to generate
a large signal (see Sec. III A). This size constraint conflicts
with the need for a larger focusing area. Furthermore, this
design is insensitive to axions since the signal photon has
an axial polarization. Additionally, using the same mag-
netic field for both trapping the electron and axion con-
version reduces sensitivity at lower frequencies due to the
need for scanning the By, field.

We solve these issues by decoupling the trapping
apparatus (radius Ry,;,) from the focusing apparatus (radius
R > Ry,,). Using an open-end-cap Penning trap [77],
which is a hollow cylinder with both ends open, signal
photons can enter through one end and interact with the
electron positioned at the center. The signal can originate
from a separate axion conversion region and be directed
into the trap via a waveguide, effectively separating the
detection and conversion regions.

For efficient axion conversion and focusing, we adopt a
large cylindrical cavity design similar to that proposed by
BREAD [67,93]. This setup uses a metal barrel of radius

R =1 m and height L = 2v/2R within a solenoid provid-
ing a strong external magnetic field, B, = 10 T [see
Fig. 1(a)]. Axions are converted into photons at the inner
surface and radiate toward the central axis. A parabolic
reflector at the center redirects these photons, focusing
them to a single point. A waveguide then channels the
signal to a photosensor.

The BREAD collaboration plans to use kinetic induct-
ance detectors (KID) and transition-edge sensors (TES) as
photosensors. In contrast, we propose using the electron
Penning trap, which resolves the polarization issue by
designing the waveguide to produce an electric field in the
xy plane. This setup also separates the trapping field B,
from the external magnetic field B, addressing the
scanning issue.

Despite its cylindrical shape, BREAD’s parabolic reflec-
tor focuses power from the entire surface area of
Agreap = 27R x L, resulting in an area focusing factor
of k2 ~ (m4 R)?, similar to the spherical focusing discussed
earlier. The cavity factor is then

ABREAD eff
KBREAD ~ 4ﬂm_ze (82)
A/
m3,
= 4—A277,' min(R, Agg) X min(L, Agg) (83)
v

1 2 2
= 5 % min (R, d ) X min (2\/§R, g ) (84)

mA/U mA/U
1 0.1 meV
= —mi, min {1 m, 12.4 m(ﬁ)]
2 my
0.1 meV
X min [2.8 m, 12.4 m<£>] (85)
my
1 24 GH
— 5 m3 min [1 m, 12.4m( wC/ZJIZ)]
24 GH
X min {2.8 m, 12.4 m( Z)} (86)
w./2x

where Agg = 27/ (my ) is the de Broglie wavelength and
v = 1073 is the dark matter velocity. At higher frequencies,
the focusing limit is saturated (see Sec. IV A 2), which
causes the kinks in the constraint curves (Figs. 2 and 3).

Compared to KID/TES sensors, the electron trap has
competitive sensitivity and offers two additional advan-
tages. First, it can access lower frequencies (my ~
0.1 meV), covering parts of the predicted mass range
of postinflationary QCD axions [m, € (0.04 meV,
0.18 meV)] [55], while KID/TES are only sensitive to
my > 0.2 meV [67]. Second, the Penning trap is compat-
ible with strong magnetic fields, allowing it to operate
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(a) An infinite metal plate sources plane wave. (b) Cylindrical focusing provides a linear enhancement in power. (c¢) Spherical

focusing provides a quadratic enhancement in power. (d) For an effective current pointing in a generic direction, portions of the cavity do

not experience a parallel electric field.

directly above the axion-conversion magnet, unlike super-
conducting KID/TES sensors, which require extensive
shielding from high fields.

D. Dielectric layers

References [68,97,100] demonstrated that axion or dark-
photon conversion experiments can be enhanced by
increasing the conversion volume using a stack of dielectric
layers [101,102], with layer spacing set to match the dark
matter Compton wavelength. We point out that this strategy
can be integrated with the BREAD setup by adding
concentric dielectric cylinders inside the BREAD cavity.
It is also compatible with any photosensor and can
accommodate frequency scans by periodically switching
the dielectric stacks [103,104]. Although a detailed imple-
mentation is beyond the scope of this work, we provide a
rough estimate of the potential enhancement below, based
heavily on Refs. [68,105].

log1ox?
6f
s
4: AL
| VRV vavaAA'AY
35 lllxlvvvyv""vVv v,
“ J
E '
2} M
b
1
o
FIG. 5. The cavity factor k7., for a sphere. Exact expression

[shown in black; Eq. (77)] versus our scaling estimate
[shown in red; Eq. (81)]. We have restored the quality factors
and set all @, = 3000.

Suppose we have N, dielectric stacks, each with N,
layers. Layers within a stack have identical thicknesses, but
different stacks can vary slightly to cover a broader
frequency range. The total number of layers is limited
by the cavity size, N;N; = N, For a single stack, the
conversion power P is enhanced by a factor of N7 relative
to the vacuum power Py:

P 1.,
— =_N2
P, 2!

(87)
However, the bandwidth decreases by a factor of 1/N;, and
with N, neighboring-frequency stacks, the fractional fre-
quency coverage is

Aw N
— = (88)
[ N I
The integrated power across the entire covered frequency
range remains constant:

77:7NZN.Y:7Nmax- (89)

However, fractional coverage exceeding ~30% would
reduce transparency to propagating signal photons, requir-
ing periodic switching of dielectric stacks with different
layer thicknesses to facilitate frequency scan. More fre-
quent switching of the stacks reduces the frequency range
per set, thereby allowing for a smaller N, and a corre-
spondingly larger N, If we switch stacks Nyin = 40
times over a 1000-day scan (one switch per month) for a
decade in frequency, the fractional frequency per set is

% — lol/Nswilch —_ 1 ~ IOg 10

w

< 30%. (90)

switch

Substituting this into Egs. (88) and (89), we find
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Nswitch
N 91
oot N 1)

log 10
Ny = [~ N (92)
N switch

The corresponding enhancement in power is

N[:

ileswitch
P, 2loglo ™

(93)

Although the ultimate number of layers is limited by the
dark matter coherence length, which sets N, = v !N, =
1000N, for each frequency, where v ~ 1073 is the dark
matter velocity, a more stringent constraint arises from
fitting the layers within a R = 1 m cavity. For instance,
at my = 0.1 meV, the Compton wavelength is Ay =
ri—:/: 12 mm, so at most %z83 layers fit within a
R =1 m cavity. Accounting for reduced surface area near
the center, we take an effective radius of R/2, giving

R/2
Npox = . 4
max 27[/CUC (9 )
Thus, the values of N, and N, become
NI _ Nswitch 0.5m —84 a)c/zﬂ 12
log10 27/ w, 242 GHz
mA/ 1/2
=84 95
<1 meV) ®5)
N - log10 O.Sm_5 w,/2x 1/2_5 my O\ /2
"\ Newien27/@. ~\242GHz) ~ “\ImeV/)
(96)

The corresponding enhancement in power is

5 _ lewitch 0.5 m —135x% 103 a)c/27r Nswilch
Py, 2logl027/w, 242 GHz) \_ 40

my Ngwi
=35x 103 —2 switch ) 97
x <1 meV) < 40 ©7)

The cyclotron transition rate is then enhanced by this
factor:

1
Fc,cavity - ENIZFc,cavity' (98)
This enhancement is not exclusive to the electron trap
detector and can be applied to other sensors in the BREAD
experiment as well.

V. PROJECTIONS

For the dark photon, we derive the constraint on the
kinetic mixing parameter, €, using Egs. (17) and (18) in the
broadband regime, where Aw = Aw,. > Aw,. Using
Eq. (54) for the observation time per bin, the BREAD
cavity factor k3gpap [Eq. (85)], the maximum cyclotron

number 7,y = 1.2 x 100(3-3%)% = 1.2 x 106(%)2,

and adding the dielectric enhancement factor for N, layers
of dielectric per stack [Eq. (98)], we get

2 _ - IOg(l - CL) M max — MA’ min 2memA’
Cliotal DM ezﬂnc.max <Sin26>
1 1

X — . (99)
K]23READ N12/2

The value of N, is set by assuming switching dielectric
layers Ngyien = 40 times over f,,, = 1000 days, corre-
sponding to roughly once a month (see Sec. IV D). Note
that we follow the convention of allocating f =
1000 days to scan 1 order of magnitude in frequency
but will proportionally spend extra time to cover from 0.1 to
2.3 meV. The detection efficiency’ from Eq. (A43) is
simply ¢ = e~! since we have saturated the limit 7,,, = 7,
and § = 5¢ for an SNR of 5. Using ppy = 0.45 GeV/cm?
and a confidence level CL = 0.9, we can probe down to
ex~2x1071% at my = 0.1 meV.

This result is shown in Fig. 3, which also shows the
sensitivity projections incorporating only the BREAD
experiment and those including BREAD along with excited
cyclotron states. The final reach, combining all three
designs, is shown in a dotted line as we consider the idea
of dielectric layers more futuristic and uncertain in terms of
cost. In contrast, the BREAD experiment is already under
construction, and our modifications to the electron Penning
trap are straightforward and cost effective using existing
technology. The sensitivity gets weaker for m, = 0.5 meV,
as evident by the kinks in the constraint curves, which are
due to the saturation of the limit of focusing (see Sec. IV C).
Finally, we note that this setup allows us to meaningfully
probe purely gravity-induced kinetic mixing (¢ < 10713) in
the so-called dark matter nightmare scenario [99].

A similar calculation for the axion can be done using
Eq. (19):

3
2 IOg(l B CL) My max — Mg min 2mema
ary — 2 2
Cliotal DM €N max Bext
1 1

X ————. (100)
K]23READ N12/2

Here e is Euler’s constant, not to be confused with electric
charge e = 0.303 used elsewhere in this equation.
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As shown in Fig. 2, incorporating all three proposed
designs allows us to reach down to

2
~ 9 x 10-15 Gev-! [ 2e/2%.
Gayy B2 X v \21cnz

m—) (101)

— -15 -1
=9x 107" GeV (O.l —v
enabling us to probe the QCD axion parameter space. This
setup covers the entirety of the KSVZ model from 0.1 to
2.3 meV and the DFSZ model up to about 1 meV (due to the
“kink” from saturation of focusing limit). This is a
particularly well-motivated region of the parameter space
because a postinflationary QCD axion was predicted [55]
to have a mass m,, € (0.04 meV,0.18 meV). Our proposed
experiment will be able to explore the mass range from 0.1
to 0.18 meV, covering over half of the predicted param-
eter space.

VI. CONCLUSION

We have introduced a novel method for detecting QCD
axion and dark-photon dark matter utilizing highly excited
cyclotron states of a trapped electron, significantly improv-
ing our previous work [23]. By optimizing key experimental
parameters, we have reduced the averaging time required to
detect a cyclotron excitation to #,,. = 2.9 x 107 s, allowing
us to observe the excitation of a cyclotron state with n, =

1.2 x 109(%LmeV)2 pefore its decay. Since the transition
A/

probability scales with the initial quantum number 7., this
greatly enhances its sensitivity.

We propose an open—end-cap Penning trap design that
facilitates the coupling of external photon signals into the
trap, leveraging the large focusing power and strong
magnetic field of a large conversion cavity (e.g., the
BREAD experiment [67]). Additionally, we propose filling
the cavity with dielectric layers of alternating refractive
indices to increase the conversion volume. This method is
compatible with scanning by periodically switching the
dielectric layers, conservatively assumed to be once
a month.

These strategies, depicted schematically in Fig. 1(a),
enable the exploration of the QCD axion parameter space
from 0.1 to 2.3 meV in a 1000-day-per-decade scan
(Fig. 2), covering a significant portion of the predicted
postinflationary QCD axion mass range m, € (0.04 meV,
0.18 meV) [55]. The experiment also probes the kinetic
mixing parameter of the dark photon down to ¢ =2 x
10716 (Fig. 3).

To achieve the required averaging time, we need to lower

the cyclotron quality factor to Q, = 2= = 20(572),

which is much broader than the dark matter quality factor
Opm = 10°. However, this does not diminish sensitivity
because it allows for a longer observation time per

frequency bin, 7., &~ 5.5 days. We have also shown that,
when the averaging time is minimized, trapping more than
one electron does not improve sensitivity. Our design is
advantageous because it is background-free, as demon-
strated in Ref. [23], and B-field compatible, allowing it to
operate conveniently above the BREAD magnet.

Moreover, this paper has contributed to the literature by
rigorously deriving the focusing effect and justifying the
ray-optics approximation in the case of cylindrical and
spherical cavity geometries without a perfect absorber. We
have also worked out the consequence of a fixed dark-
photon polarization scenario for our experiment
(Appendix F), which is representative of a class of experi-
ments not addressed by Ref. [13]: a directionally sensitive
quantum sensor (with discrete signals).

Our sensitivity remains well below the ultimate back-
reaction limit common to all dish-type experiments
(Appendix B), so there is significant room for improve-
ment. For instance, further lowering the averaging time
could allow for an even higher cyclotron state n,.. This work
thus opens up a “rapid measurement frontier” in the search
for axions. In conclusion, this work provides a clear path to
searching the well-motivated yet challenging meV QCD
axion parameter space.
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APPENDIX A: CYCLOTRON TRANSITION RATE

1. Perturbation Hamiltonian by dark photon

The Hamiltonian H gets altered by a perturbation due to
dark-photon dark matter (DPDM). Working in the mass
basis, the dark-photon Lagrangian contains the term [91]

LD —eligy(A, + €A)). (A1)
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So, we simply need to replace A, — A, + €A, in the
unperturbed Hamiltonian, only keeping terms up to first
order in e:

—eA — A/2
H:(p 62 ce )+eV(r)—|—€eV’ (A2)
me
—eA)-A
 Hytee|y - BZeA) AT (A3)
me

We can ignore the ordering of the p and A’(x, t) operators
since we will take the zeroth-order approximation of A’,
which has no position dependence.

Since there is negligible standard model source, A,
satisfies the vacuum Proca equation,

(0% + m3))A), = eeliyy = 0. (A4)
The most general solution is of the form
A(x, 1) = A / Ply(K)e@x) (AS)

where @ = 4 /k? + mﬁ, and A’ is a constant. In the non-

relativistic limit, this simplifies to [91]
A/<X, t) _ A/eimA’t/d31jl[I(V)€imA’(%”2’_v‘X) (A6)

= AleimviA! (x, 1)eix0) (A7)
where A’ is a unit vector. The small but nonzero dark matter
velocity » ~ 1073 makes A’ an oscillating field with mean
frequency w, = my and a small frequency spread
Awy ~5myv* ~107°my . For now, we will assume A’
has a monochromatic frequency; in Appendix A 3, we will
take into account Aw,s using a memory-loss argument.
The coherence length of A’ is large, given by

Acoherence = an’fv. The direction A’(x,?) has coherence

length and time that are at least as large as the phase
[91]. So we can take
A(x, 1) = Aleim' Al = Alei™v'[sin 0% + cos 0],  (AS8)
where 6 is the polar angle with respect to the magnetic field
direction Z, and we define the projection of A’ onto the
plane as the x direction without loss of generality.
Charge conservation implies that A’ also needs to satisfy
the Lorenz gaugelike constraint 9,A" = 0. This means
0,V =-V-A’ which implies that V' xv-A’. Since
v~ 1073 is small, the V' term can be safely ignored [91].

Finally, substituting

1 B
A(r) ZEB xr:70(—y5c+x)7) (A9)

and Eq. (A8) into the Hamiltonian, we arrive at

A’ B
H=H,—ce—sin(myt) [sinﬁ(px + e70y> +cos9pz} ,
e

(A10)

where we have taken the imaginary part of the phase to
make the Hamiltonian Hermitian. Since p, can only create
and annihilate axial modes [p, = izom,w,(al — a,)], it
cannot drive the transition of the cyclotron state. Therefore,
for the purpose of calculating cyclotron transitions, we can
simply take the x component of the dark-photon field A’,
effectively dropping the p, term:

(p—eA) - ALD)

Hc,free(t) :HO—(:'E m (All)
A’sin@ B
:Ho—wsin(m/yt) <px—|—e—0y> (A12)
m, 2
=H,+ W(l‘) (A13)
EHO—I—WSin(mA/l‘), (A14)

where we defined the perturbation Hamiltonian W(r) and
its time-independent part W. We also added subscripts to
emphasize this Hamiltonian only applies to the cyclotron
mode in free space.

2. Rabi’s formula and selection rule

Next, consider the cyclotron transition with the initial
and final states, |i) = |i., i, i.) and |f) = |fc, iy, i.). The
corresponding Bohr frequency is @y = w.|A.|, where
A.=f.—i.. If the perturbing frequency matches this
Bohr frequency, my ~ wg;, or, in other words, the detuning
parameter D = my — wy; is small compared to m,, then
only this particular transition will be resonantly driven. We
can then apply the secular approximation, in which we
solve the Schrodinger equation by discarding all nonreso-
nant terms. The resulting transition probability is given by
the Rabi’s formula [106]:

W]

. / t
Plf(t) :mslnz[ |Wfl|2 +D2§:|, (AIS)

where W; = (f|W/i) is the transition matrix element, with
W defined in Eq. (A14).
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It remains to compute the matrix element

—eeA’ sinf B )
Wy =200 (e 20 )1

(A16)
Writing p, and y in terms of the cyclotron creation and
annihilation operators and dropping the magnetron oper-
ators as the magnetron state is assumed to be unchanged,

B m,, , -
pote—2y i —(al —a,),

5 S (A17)

the matrix element evaluates to

|Wfi|2 = (eeA’sin 9)2 20% [(i. + 1)5f(.,i(.+1 - icéf(.i(—l}'

e

(A18)

We see that to leading order in €, a selection rule enforces
|A;// =1 and @w;; = .. This implies we only need to
consider one jump at a time. Since deexcitation is indis-
tinguishable from radiative decay, we henceforth only
consider the n. — n, + 1 transition. We will also use the
symbol n,. instead of i..

3. Memory-loss model of frequency width

The Rabi’s formula, Eq. (A24), with |W|* given by
Eq. (A18), is the expression for the transition probability of
a monochromatic perturbation. We need to modify this
result for two reasons: the dark photon has a frequency
width Aw, = 107%m,, and the cyclotron also has a
linewidth Aw,. In particular, the monochromatic approxi-
mation only holds until a time at which the frequency width
leads to a phase shift of 2z. This time is known as the
coherence time # qperence- SiNCE We are only sensitive to the
overlap of the two sinusoids (the cyclotron and the dark
photon), the coherence time is set by the larger of the two
widths, i.e., the smaller of the two independent coherence
times:

2n 2n
=—. Al19
max (Awy, Aw,.) Aw (A19)

Teoherence —

We will model this frequency width by using Rabi’s
formula only from # = 0 to ¢ = #_perence- 1f the averaging
time, the duration over which measurements are averaged,
is longer than the coherence time, we assume the sinusoid
loses its memory of the phase and starts over discontin-
uously, but the probabilities add up between successive
periods.

For averaging time longer than a coherence time, we can
write it as

2w
tive 8N —

A2
Aw’ ( 0)

where N > 1 is an integer. Adding up the successive
probabilities from N time intervals, we have

Wil

w . 127
Pip(t) = N——"—=sin® [\ /|Wp[*+D*>-—|. (A2l)
|Wl*+D 2Aw

The cyclotron transition rate is given by

dP;s(1)
1—‘c,free = d]; (A22)
dP;r dN
= A23
dN dt ( )
W i|2 . T | Aw
T A L v Erl e

where the subscript emphasizes that this formula only
applies in free space (i.e., ignoring the cavity).

To cover one order in the dark-photon mass range, we
need to scan the cyclotron frequency using a frequency bin
size'® of Aw. Now, define a dimensionless detuning

parameter D = 2 = "% where o, is the center of a
given frequency bin. The maximum relevant D is 1/2, since
a dark photon further away than this would be discovered at
the neighboring bin. The average distance to dark photon
is then D = 1/4. So we can take the approximation that
D < 1 and |W;| < Aw, since W ; contains a factor of €.

Taylor expanding, we get a version of Fermi’s golden rule,

|Wf1|2 \/7 7 12Aw ”|Wfi|2
F ) ~— S W . 2 D2_ _— .
¢, free |Wfi|2 +D? | f’| + Aw| 2n 2Aw

(A25)

If the averaging time is shorter than a coherence time
tave < teoherence» W€ show in Appendix A 4 that a similar
calculation implies the transition probability is Zeno sup-
pressed. In principle, this would hurt the sensitivity and set
a limit to this detection method, but it is so far from the
leading limit that we will not discuss it here.

Substituting Eq. (A18), we get the cyclotron absorption
rate in free space:

(eeA’sin0)*(n, + 1) no,
2m, 2Aw

(A26)

Iﬂc,free ~

~

LEetmsin®(n, + 1) 1 (lA’szy) (A27)

2m,my Aw \2

""Note that when Aw = Awy = 107%m,, the bin size is a
function of m,/, but when Aw = Aw,, it is a constant.
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_eersin’O(n, + 1) ppy

A28
2m,my Aw ( )

where in the second line, we used the resonance condition
w, ~ my; and in the last line, we used the fact that the dark
matter density is ppy = 3A?m?, [91]. As we will show in
Sec. IV, the effects of a cavity (with at least a cylindrical
symmetry) can be incorporated by an overall cavity
factor k%

Fc cavity — =K Fc free* (A29)

The value of the sin?@ factor in g, depends on the
polarization of A’, which, depending on the production
mechanism, can be anywhere from fixed to rapidly oscil-
lating in random directions [13]. We will assume the
random polarization scenario (discussed in Appendix A 5)
and address the fixed case in Appendix F.

4. Subcoherence time transition rate

We continue the calculation of the transition rate from
above for the case of #,,c < fcoherence- 1hen, we have N < 1,
which is no longer required to be an integer. We can get
the transition rate simply by differentiating the Rabi’s

formula, Eq. (A24),

dP;s(t)
Iﬁc,free(l‘) = d}; (A3O)
‘Wfl| /
_ w 2 D2
N7 oS [V W+ D7

t
X COS {\/|Wf,-|2 + D? E] \/|Wfl-|2 + D2 (A31)

Because for 1€ (0, fye), \/|Wpil> + D*1t < NaD < 2D,

we can still Taylor expand, which gives

(Wil
U free(?) & m \/|sz|2 + D5 \/|sz|2 +D?

Naively substituting ¢ = t,,o = N 2% ~- with N =1 into
this result and comparing with Eq. (A25), we will see the
two limits differ by a factor of 2. This is because in the
regime f,,. < %, the transition rate cannot be approxi-
mated as a constant. Instead, it should be considered as a
function that increases linearly with time with an average of

r _ Fc.free(0> + Fc,free<tave) o ”|Wfi|2
cfree,average — D) - 200w

(A33)

which agrees with the other approximation at N = 1.
Notice Eq. (A32) implies that if the averaging time is
shorter than the coherence time, the transition probability is

Zeno suppressed by a factor of h— In principle, this

would be a limiting factor to our experiment. However, the
coherence time is very short for our parameters:

2w

Teoherence — A =38
c

x 107105, (A34)

This is much shorter than the leading limit from the SNR
time [Eq. (38)], tsng ~ 1076 s. Furthermore, if the cyclo-
tron width were to be a limit, there is some freedom to
adjust Aw, by adjusting B, [Eq. (50)].

Finally, recall in Appendix A 3, we took the coherence
time to be the smaller between that of dark matter
coherence time and cyclotron coherence time [Eq. (A19)]:

2r  2m
Tcoherence — = min

A35
AC()A/ ACU ( )

When Aw,. > Aw,, this causes a suppression in cyclotron
transition rate I'. [see Eq. (A25)]: I, — AA”;)AC' I'.. The
discussion of this Appendix gives another perspective to
this phenomenon: we can interpret the cyclotron motion as
a measurement of the dark-photon motion, and the sup-
pression of cyclotron transition rate is just a Zeno
suppression.

5. Transition probability

Write the cyclotron transition rate as

1—‘c,cavity = F()Sinze(t)’ (A36)
where we have isolated the time-dependent polarization
angle, 0(¢), which is rapidly oscillating with a dark-photon
coherence time ﬁ’; ~107 s

Next, let the transition probability from the cyclotron
initial state to the excited state at time 7 be P;(¢). With a
decay rate y., the probability satisfies the differential

equation,

dpP
=1 = FO Sin2 9(1) - }/CPI,

- (A37)

until the next averaging time when it is interrupted by
measurement.

Since this polarization is random and unknown, and it is
independent of the system, we can take its average value:
(sin®0(1)).

sin?d(t) — (A38)
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To find this average, first note that the area element on a
unit sphere is proportional to d(cos@). For A’ to be
pointing in a random direction in the unit sphere, cosé
must have a uniform probability density P(cos 6) = 1. Then
we can take the expected value under this distribution:

1
(sin’@) = /1 d(cos §)sin’0P(cos §) = % (A39)

Imposing the initial condition P,(0) = 0, the solution to
the differential equation is

Pi(t) = 2300 (1 exp(oyan).

c

(A40)

This formula only applies within one averaging time, after
which the probability gets reset to P; = 0. The observation
time 7, available at a given frequency bin satisfies 7, >
t.ve (see Table I). Since the measurement time 7,,. must be
shorter than the lifetime of the excited state for the detection
to be possible, we take y.t,,. < 1. Then, the probability of
detecting no transition in an observation time 7, is given
by the Poisson formula,

Po(tons) = (1 = P (taye)) o/ "o (A41)

~ exp<_rc,cavity tobs) . <A42)

Since it takes an averaging time f,,. to resolve a signal,
and a detection threshold of Aw, > 56 is chosen, an
excitation that decays in a time less than %"tave will not
be detected, resulting in a detection efficiency [23],

o 1 Sot
(= dt—e "% = exp <——6 —
(5‘7/5>[ave TC 5

) . (A43)

c

The effective observation time is thus {7.,,. We can then set
the 90% confidence level limit (CL = 0.9) on DPDM as

PO(Ctobs) =1-CL, (A44)

and the corresponding relation on I, becomes

[23,107]
e*e’n(n, +1)p ,
Fc.cavity =i’ 2n’limA/)ADCl:)/[ <Sln29>

1

< ———1log(1 - CL). (A45)

obs

The observation time available per bin 7,,,, will be discussed
in Sec. III B.

6. Transition rate for axion

To detect the axion, we need a strong external magnetic
field By, which generates an effective vector potential due
to axion,

V2ppm

— img,t
Aa = —Yayy > € Bext‘
my

(A46)

To find the sensitivity to the axion, we can just make the
replacement €eA’ — A, in the perturbation Hamiltonian
Eq. (A2). In the free cyclotron transition rate, Eq. (A28), we
make the replacement

(eA’(sinf))* — A2 (A47)
since the axion electric field has a fixed, rather than
random, polarization given by the constant B, which
we assume can be engineered to point in the xy plane (see
Sec. IV C). The free transition rate for axion Eq. (A28) then
reads

Gary g €7(1c + 1) powu

T — 257
¢ free 3 Pext ’
n, 2m, Aw

(A48)

where m, = ..

APPENDIX B: BACKREACTION:
FUNDAMENTAL LIMIT TO DISH-TYPE
EXPERIMENTS

In this appendix, we point out that all dish-type experi-
ments for axion or dark-photon dark matter search, includ-
ing our electron-trap proposal as well as other photosensors
considered in BREAD [67], have the same fundamental
limit due to backreaction. This is the point at which the
detector absorbs all available signal photons. We compute
this limit by comparing the signal power with the heating
rate of a perfect absorber.

For dark-photon dark matter, the focused signal-photon
energy density iS pgiona = k?€?ppy. The focal volume is set
by the dark-photon Compton (rather than de-Broglie)
wavelength 1, = ,i—;’/ since the dark photon is converted
toa photon.ll The timescale at which the cavity converts
the dark photon to a photon is also set by the inverse dark-
photon Compton frequency 7T = ri—f/ = Ay. In the ideal

focusing scenario, k> is the ratio of the cavity area to an

. Acavity
area of the size of the photon wavelength, &> ~ =5
A/

""This is true even if the detector is much smaller than the
volume occupied by the photon, which is the case for our electron
wave function. This counterintuitive fact is a consequence of
quantum mechanics, as demonstrated by the familiar atomic (of
size ~107!1% m) absorption of optical photons (of size ~107% m).
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Finally, including the dielectric enhancement factor § N7
[Eq. (97)], the available signal power is

3
psignal/1 / 1 2 ) 1 2
X _Nl =€ pDMAcavity X _Nl .

P signal ™’ T ) )

(B1)

In the limiting scenario, a perfect detector absorbs a
single photon in the available observation time per bin,
fobs X Lo/ Q, wWhere Q is the detector quality factor
(analogous to the cyclotron quality factor Q. above; not
to be confused with the quality factor of our detection
circuit Qg4e)- As long as the detector bandwidth is broader
than that of dark matter Q < Qpy = 10°, which is the case
for us and all BREAD sensors, all of the available energy
can be absorbed. The absorbed power is then

mA’

Papsory = — .
ttotal/ Q

The backreaction limit is reached when Pgona = Pbsors-

Notice that, unlike the situation for our experiment,
the dependence on Q is not canceled here. Recall from
Sec. III B that as we lower Q, the transition rate decreases
while the available observation time increases and the two
effects cancel out to the first order. For a perfect detector,
however, as Q gets lowered, other parts of the experiment
can be improved to keep the transition rate at its maximum
value, by definition of a perfect detector. So, decreasing Q
strictly improves the sensitivity, and a strictly backreaction-
limited detector should be a broadband detector (Q = 1).

Putting these together, the backreaction limit for the dark
photon is

(B2)

2m 4 1/2
e (m—AQ2> (B3)
ttotalpDMAcavitle
~10‘19( 40 )—‘/2<1000 days)l/z(lmeteﬂ)l/z'
N, switch Liotal Acavity
(B4)

Since the backreaction limit corresponds to a 100%
efficient detector, by comparing it with our projected reach,
we can calculate the photon detection efficiency of our
electron Penning trap. The only caveat is we need to use the
same cyclotron quality factor Q. = 20(5y %) for this
comparison. Comparing with the result in Sec. V, we get an

efficiency of

efficiency = ( CPpenning )2 ~ < 107 )2 ~ 1076 L
€backreaction 10_]9 Qc Qc

(BS)

The calculation for axion is identical as long as we make
the substitution

e = gayyBext ) (B6)
my

The backreaction limit for axion is therefore

P m, ( 2m,Q ) 1/2
ary ~ 2
B ext ttotalpDMAcavityN 1

40 -12/10 T
~5x 10718 Gev-! [ @
x © (01 meV N switch Bext

y <1000 days> 1/2<1 meter2> 172
Tiotal Acavity .

APPENDIX C: DETAILS OF ACHIEVING LARGE
CYCLOTRON NUMBER

This appendix collects various supporting arguments for
how to achieve a large cyclotron number 7.

(B7)

(B8)

1. Signal formation time

When the cyclotron state makes a transition
|n.) = |n.+ 1), the axial frequency shifts o, > @, + 6
immediately. However, there exists a minimum time Zg gy,
for this change to be reflected in the signal. We will show
that tsignal = %

The electron’s classical axial motion z(7) is essentially a
driven, damped harmonic oscillator. With a driving term
Fycosw,t of drive frequency w,, the equation of motion
for the electron axial mode can be written in the form

F
Z4+y.z2+ w%z = Ycos wyt, (C1)

e

where the initial natural frequency of the axial motion is the
axial frequency @, = w,, and the drive frequency is chosen
to match it, w; = @,. In practice, the drive can be taken to
have zero width. y, is the axial damping rate. We will
consider the limit w, > 6 > y,. To get a signal, we monitor
the electron’s axial current, which is proportional to the rate
of change 7z of the electron’s axial position z [75].

Suppose a cyclotron transition occurs at some time
t = 0. We get the current signal:

F
72(t<0) = m—owd(S?p cos (wgt + a) — S sin (wyt + a))

e

(€2)

F
2(1>0) :m—oa)d(S;pcos(a)dt—l—a) —S)ysin(wyt+a))

e

+e_y7:t(—ASin(wd+5)t+BCOS(md+5)t)’ (©3)

where « is an unknown phase, S?p and S% are the initial in-
phase and quadrature amplitudes, and S}, and S, are the
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corresponding amplitudes after the cyclotron jump, and A
and B are some (1) constants determined by initial
conditions [108].

If we were directly measuring for changes in §;, or S, it
takes a time t~yiz for the transients to get damped.
However, we can integrate the signal against another
known sinusoid with the same phase sin (w,f + a) over
several periods of 37’: After some uses of trig identities, it
can be shown that the only surviving term is proportional to
sin (67). This means a frequency-shift signal can be
measured after a time fgony ~%. In other words, since
our signal is a small frequency shift, we can measure the
beat at the corresponding timescale, which is much faster
than the naive damping time.

2. Minimum averaging time
a. Constraints on z,,,,

Equation (40) suggests that we can lower tqwr by
decreasing Ry,, and increasing z,c. However, a larger
Zmax corresponds to a larger wave function in the axial
direction, and this exposes the electron wave function to the
inevitable anharmonicity of the static potential V, [75]. The
magnitude of this axial anharmonicity12 is set by the size of
the trap Ry, In particular, the axial frequency gains a
dependence on axial position. For a realistic trap, this
constraint has a phenomenological formula [109],

AW |y = [@:(2) (C4)

- wz(0)|max <Yz
where

(5)= 22 \2, 15Cs (22 )}

[0

A 4C2 trap ]6C2 D trap
35C8< Z )6 5C10( 2Z )8+) (CS)
32C2 Dtrap 4C2 Dtrap

1d* + RZ,, and d = 2.0478 Ry, [77],

L35G < 2Zmax )6
32C; \V/3Ryyp

Recalling Dy, =

15C6 < 2Zmax >4
16C, \/§Rtrap
+ 5CIO < 2Zmax >8‘
4C, \/gRtrap .
Equation (C5) only considers the first few terms of a Taylor

expansion, which is adequate as long as C;, < Cj,. These
parameters can be found in Table 1 of [77]. While C, can be

we have

Aw, ® w,

(Co)

"The corresponding radial anharmonicity merely shifts the
axial frequency, which can be easily taken into account and does
not set a new experimental constraint [75].

experimentally set to zero, we take Cg~ 5 x 1073 for a
10 pm machine tolerance [109]. (We consider higher-order
terms because Cg > C¢ and Cjy = Cy).

Figures 6(a) and 6(b) show the relationship between y,
and Aw, for different sets of w, and g. As we can see,
before 7 = 7., the brown line must remain above the red
line, indicating that the maximum allowable value of z,,,
varies depending on the choice of w, and g.

b. Reducing 7.,

As tye = Max (tgenals taer- Tsnr)» WE aim to reduce these
three times simultaneously. Indeed, the detailed optimiza-
tion process is highly nonlinear, but we found the optimal
parameters to be g = 0.0061, (;—ﬂ = 9.8 MHz, and z,,,, =
0.2 mm by trial and error. As shown in Fig. 6(d), the three
times converge at @, = 9.8 MHz, yielding a minimal
averaging time of f,,. ~2.85 x 107 s

3. Consistency checks

We make some consistency checks to show that the large
cyclotron number 7, ~ 10° does not violate other exper-
imental constraints.

The electron’s radial wave function size is given by
Eq. (63):

< 0.04 mm. (C7)

re ® 4N,
mew.

This is still far smaller than the trap size Ry, = 0.5 mm.

We should also calculate the fractional relativistic
correction to the cyclotron frequency, arising from an
effective shift in the electron’s mass:

1
A’/ne‘rel = (5 + nc) D, (CS)
Substituting this into
EBO
= , Cc9
o =" (c9)

the relativistic frequency shift Aw, |, is given by [110,111]

EBO EBO
A = = Cl10
a)clrel m, +Ame|rel m, ( )
A
~ — eBy Melrl (Ci1)
602}’1
~——< Cl12
o (c12)

For @, = 0.1-1 meV and n, ~ 10°, we get
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Aw,

(MHz) (MHz)

2 (@) (b)
0.0030 0.0030
0.0025 0.0025
0.0020 (0.2085,/0.00218) 0.0020

=
0.0015 0.0015
Aw,
6,001 0.0010 (0.20/ 0.00139)
0.0005 w,/277 = 10 MHz 0.0005 w,/27t = 9.8 MHz
q=0.01 [ B q=0.0061 2 (mm)
0.05 0.10 0.15 0.20 0.25° ™™ 0.05 0.10 0.15 0.20 0.25
tave(S) (C) tave(S) (d)
8x107° 5x10°°
6x10°5 4x107°
- tsignal
3x10°° ‘
4x107 e 9.8, 2.85x10°%) S\R
/ 2x107° taet
-6
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q=0.01 q= g.ggs1 w
Zmax=0.2085 mm & (MHz) Zmax =0.20 mm Wz (MHz)

9 10 11 12 13 14 15 277

9 10 1 12 13 14 15 277

FIG. 6. The first row, (a) and (b), describes the constraint that determines z,,,,, while the second row, (c) and (d), incorporates this z,,,
into zgNR to obtain the three times related to t,,.. The left column, (a) and (c), use random parameters, whereas the right column, (b) and
(d), use optimized parameters. The crossing point in (d) indicates the minimal averaging time. Indeed, the crossing point 7., =
2.85 x 107% s is determined with higher precision by the chosen @, and g. Consequently, in our final result (Table I), the parameters may
vary slightly without affecting the outcome due to the precise selection of @, and g.

.,
~—Sn.<2x1073,
me

(C13)

ch |rel
D

which is negligible. Despite the fact that our optimization
pushes for a much larger 6 than conventional Penning trap
experiment, we can see from Table I that we still respect
0 < w,, a requirement for many perturbation expansions.

APPENDIX D: CAVITY MODE CALCULATION

1. Spherical cavity

2
sphere

For convenience, we temporarily set up a new set of
coordinates, used only in this section. Let the original
coordinate system be X, used everywhere else in this paper,
in which the z direction aligns with the magnetic field, and
the dark photon’s component in the xy plane points purely
in the x direction (ie., A;. = 0). Now, define a new
coordinate system X/, in which the new 7’ axis aligns with
the old x axis; the new x" axis aligns with the old z axis; to

We will calculate « for a spherical cavity of radius R.

maintain a right-handed system, )7 = —9, but we still
have A}, = 0.

We begin with the general equation, Eq. (74),

2 SIWA nE TSN AN 2
L w*  [dXE;(X)-2 .
Ksphere = 'E :1 w% — w2 fd3x’|E,(X’)|2 EI(O) 4 (Dl)
2 2
— @ sphere
:‘E e (D2)

where @ = my is the driving frequency, / is a generic index
running over all cavity modes, and we have omitted the
quality factors. Using spherical coordinates (r, &', ¢') of the
Y system,
5 =cos@# —sin0'd . (D3)
The empty cavity modes of a spherical cavity can be
divided into TE and TM modes (transverse electric and
magnetic, respectively) with respect to the radial direction.
There are three discrete indices m=0,1,2,...;
n=20,1,2,...; and p =1,2,3,..., corresponding to the
quantization of momentum in the ¢’, &, and r directions,
respectively. The exact expressions of these cavity modes
can be found in [92]. For brevity, instead of explicitly
writing them all out, we will start by listing their key
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properties and using them to argue only a small subset of the
cavity modes contribute. Then, we will work directly with
the full expressions of those relevant modes.

As we will see shortly, the azimuthal symmetry (in the ¢’
direction) collapses the sum over m into m = 0 modes only
and picks out only the TM modes; the polar symmetry
(in the @ direction) collapses the sum over n into only the
n = 1 modes. So, the summation is only over TMy; , modes.

a. Only m =0 modes

All modes of the spherical cavity only depend on the
coordinate ¢’ via a factor of cos(m¢') or sin(m¢') [92]. By
Eq. (D3), ¢' also does not appear in 2’. This azimuthal
symmetry makes the ¢’ integral in [ @*x'Ej(x’) - 2’ trivial,
with the result proportional to

/ 4 cos(mg') = 276, (D4)

0

or

/ 4 sin(mgp') = 0. (D5)
0

Hence, only m = 0 modes contribute.

b. Only TM modes

Next, we argue that the TE modes do not contribute.
First, E7%,, =0 by definition of “transverse electric.”

Eg.,,, is proportional to m [92], which vanishes when

m = 0. We are then left with ETE

o omnp” It appears in the dot
product Ej (x') - ' via E}P, 2, and Z, = 0, by Eq. (D3).

Therefore, it suffices to consider only the m =0
TM modes.
These modes can, up to some irrelevant constants, be

taken to be [92]

™ _n(n—i—l)j </

rOnp — ia)kTMr2 n uan

r>P,,(cos ¢), (D6)
Onp

1 ~ r\ d
EPhy = e (1) g Paleos). (O
where P, (x) are the Legendre polynomials, J,, (x) = xj,(x)
are Harrington’s spherical Bessel functions, j,(x) are the
normal spherical Bessel functions, u,), is the pth zero of the
derivative J,’(x), and the wave number is Kony = /R
The last component Eg}\,/[mnp is proportional to m and, hence,

can be taken to be zero for our purpose.

c. Only n=1 modes

To show that only n = 1 modes contribute, consider the
numerator in Eq. (D1):

/ PAE;(X) -3 = / & (EFy, 2+ Egy 2y). (D8)

We will consider these two terms separately.
For the r term, using 2. = cos® = P;(cos@'), the ¢
integral evaluates to

1 2
/d%’EI%"n*p%’,oc/ d(cose’)Pn(cosﬁ’)Pl(cos@’)255,,,,
-1
(D9)

where we used the orthogonality of the Legendre poly-
nomials, [1, dxP;(x)P;(x) = ﬁékl.

The @ term also picks out the n = 1 modes. We first
introduce the associated Legendre polynomials P} (x)

given by
; , oy d
Phu) = (=1)/(1 =222 P, (). (D10)

Note that P9(u) = P, (u). The definition implies two useful
identities:

d
— PY(cos @) = Pl(cos®) (D11)
do
and
2y = —sin@ = Pj(cos®). (D12)

Using Eqgs. (D7), (D11), and (D12), the ¢ integral evaluates
to

1 4
/d%’E;%jlp%g,oc/ d(cos&’)P},(cosH’)P%(cose’):§5n1,
’ -1

(D13)
where we used the orthogonality of the associated Legendre
polynomials, [, dxP(x)P](x) = % 51 We have

thus shown that only TMO1p modes contribute.

d. Final expression of k7.,

We now compute

3 IR TMx* (/) . 5/

Gy = JdxEojy (x) CEDN0)-2. (D14)

J &R [Eg(x)P 0
We first evaluate Eg), (0) - 2/, the electric field at the center
of the cavity. Approaching the origin from the 8 =0
direction, the @ term vanishes, and the radial direction
is equivalent to the 7z’ direction, # = 2. So, the only
relevant component is EJy , given by Eq. (D6).
Substituting n = 1, P;(cos0) = 1, and the Taylor expan-

sion J;(x) =% + O(x*), we have
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R 1 2u)
B0 =237

Using our earlier results, the numerator of the coefficient can be written as

/d%’Eg{‘fj(x’) 2= /d%’[EI%’ﬁ’; cos ¢ — E\j}  sin@']
i 2 R 2 . r 4 R N r
LYoo (2) [ a2 d (e DY+ (2) | arrd (u), t
200 () o (o) + ) [ ore (w07
i 4 1 R A r r\ », r
=) ] () + () ()|

Integrating by parts, the radial integral can be evaluated trivially,

3 e TMs N 4 1 R d| . r
/d FEopy () -2 _5(271')(5) ”ﬁp/RA drE rJy u/lpﬁ

- é(zn) (g) R2ji(ui,)-

(D15)

(D16)

(D17)

(D18)

(D19)

(D20)

Using the orthogonality of the Legendre and associated Legendre polynomials again, the denominator can be written as

/ PAED (x)P

= [ xR, P+ 123, P

—n) [(arr [(k%J (i) )" [ Latcosarmitcosty+ (1 () ) [ atcosor(plicost?

S [ ) + ) ol ()]
- é (27) <u},i> (:)1 (1)

ru) =2 [ axtin 02 + [ axG o
with the change of variables x = u pr/ R. Using the analytic form of the spherical Bessel function,

Ji(x) = _coi(x) N sir;(zx) ’

the integral can be easily evaluated as
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24 2u'7, = 2u't, +2(=1 4 u'})) cos(2uy,) + uy (=4 + u'7,) sin(2u] )

1(uy,) = o, . (D28)
Putting everything together, we have
2 't
G =S (u )[—” } (D29)
P 3 tp I(u’lp)
8. usy
—_2; , D30
3/100,) [2 F 2w, =2t 2(=1 + u,) cos(2ul ) + iy, (=4 + w2 ) sin(2u) ) (D30)
|
d, usi =k™ —y' /R, finall i t th sin(n
and, using @, = kg, uy,/R, we finally arrive at the EN — 1, Yup (ne) cos (7. (D35)
cavity factor for the sphere : R cos(ng) d

K?phere (w) =

(D31)

i (Q)R)2 Gsphere z
p=1 u/%p - (a)R)z !

2. Cylindrical cavity

We will calculate Kgyhnder for a cylindrical cavity of radius

R and height d. We orient the cylinder’s central axis to be
parallel to the magnetic field direction Z, as was the case in
the proof-of-principle experiment [23]. As before, the %
direction is taken to be the component of the dark-photon
field in the plane perpendicular to the magnetic field. We
will use the cylindrical coordinates (p, ¢, z), with the center
of the cylinder located at 0’ = (0, 0,9).

Then we can start with the general equation, Eq. (74),

2 RIWA nEY A A NP 2
) B w*  [dXE;(x')-% .
Kcylinder - ' E 1(1)12 _ 0)2 fd3x,|El<X,)|2 E[(OI) <X (D32)
2 2
@ cylinder
E'Zz 02 — 2 Gy ) (D33)
1

where @ = my is the driving frequency, / is a generic index
running over all cavity modes, and we have omitted the
quality factors. In cylindrical coordinates,
% = cos(¢)p — sin(¢)g. (D34)
The empty cavity modes of a cylindrical cavity can
be divided into TE and TM modes (transverse electric
and magnetic, respectively) with respect to the z direc-
tion. There are three discrete indices n=0,1,2,..;
p=123, .. and ¢ =0,1,2,..., corresponding to the
quantization of momentum in the ¢, p, and z directions,
respectively. These modes can, up to some irrelevant
constants, be taken to be [92]

—lgn , (x sin(n) \ . (qn
EM 1"y (22 = D36
pnpe =Ty g "(Rp>{cos(n¢) sin{ 72 (D36)

v ) nqnfn(%p){ cos(nep) } . (qn‘ )

_ pha sin{ —-
hnpg (%)2 d P —sin(ng¢) d-
(D37)
ETE, =0 (D38)

T AL ) { cos(ng) } . (g )
Ep.npq—l(x%)zn P —sin(n¢) Sin p Z (D39)

1 X sin(ng) qr
ETE = - ;_J;1 (ﬂ > { } Sin <_ ’ D4O
bnpq lx,% R’ cos(ng) d (D40

where J, is the nth Bessel function, x,, is the pth zero of
J,,(x), and x;,,, is the pth zero of the derivative J;,(x). As we
shall see, only the TE, ,, modes with odd ¢ contribute to K.
The resonant frequencies are

wiir= ()« (4) o
(@IE,)? = (R) + (LID (D42)
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a. Only n=1 modes
In the numerator of Eq. (D32), we have

21
/d3x’E}*(x’)-5co</ dp(Eppgcosp — EyN sing).
0
(D43)

Unless we choose the matching sinusoidal function with
n = 1, the integral vanishes:

27 27
/ d¢sin ¢ sin(ngp) = / d¢p cos ¢ cos(ng) = 75, .
0 0
(D44)

So only n = 1 modes contribute to 2.

b. Only TE modes

Consider a term involving a TM n =1 mode. The
integral in the numerator of Eq. (D32) is proportional to

/d3X’E}“(X')-5C°</OR dpp {Jﬁ C%p)
(st
L) )] o

(D47)

(D45)

(D48)

where we used integration by parts in the third line, and in
the last step, we used the property of the Bessel function
J1(0) =0 and J;(x;,) = 0, by definition. Hence, the TM
modes do not contribute. We will henceforth only use TE
modes and drop the superscript in the resonant frequencies.

c. Final expression of Kiylmder

We now compute

. JPEL () &
chhnder o pq (0/) A (D49)
" J @x[ET;, (x )\ Eirg

We first evaluate E{) (0/) - %, the electric field at the center

of the cavity. Approaching the origin from the ¢ =0
direction, the ¢b term vanishes, and the radial direction is
equivalent to the x direction, p = X. So, the only relevant
component is E 1\1/117 o given by Eq. (D43),

2\ 2 JiCiep)
TE 1p . 1
Elpqml) < R > II)E%T(}}L% COS<¢)ZE{}}2
X sin (% z) (D50)
d
C o\ -1
- % (%) sin <q7> (D51)

We see that only modes with odd ¢ contribute.
The integral in the numerator is given by

d3ETE* AYAE ] &—2 Rd
x lpq(x) X =i R 0 PP

X /Od dzsin (%5 z> (D52)
A

where we integrated parts in the second step. A similar
calculation shows that the denominator is

[t or = (52) 73 [ e,
(2, - 20, )}@)G). (D55)

Putting everything together, we have

. 4x" T (x)
G;};}lmder _ 1p 1( lp) (D56)
VR 0,) + (0, = () (0
pall L (4 odd) (D57)
g — q (6] .
(x/%p I)Jl(xllp) qr
where, in the second line, we wused the identity

Xy, Jo(x1,) = Ji(x},), which can be easily derived from
differentiating the relation between the Bessel functions
[ dxxJo(x) = xJ;(x). The cavity factor is then
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2
chlinder

Tl

cyhnder -

(D58)

APPENDIX E: LINEAR FOCUSING OF A
CYLINDRICAL CAVITY

As derived in Appendix D2, the cavity factor for a
cylinder of radius R and height d is given by a sum over two
discrete indices, p and odd integers g:

2
lind
cyhnder g odd 2 - ) G;};ln er (El)
1) 2 2
@ cylinder
qu odd (x|, g\ 2 2 Gpa . (E2)
T () () -
where
: 4x 1
Gy = L — (g odd), (E3)
<x’%p 1)]1 (x’lp) qr

J,, is the nth Bessel function, and x;,),
derivative J7,(x).

Now, let wy be the Nth smallest resonant frequency
among all w;,,, i.e., we reindex the frequencies using a
single number N. For a generic w, the sum is always
dominated by the closest resonant mode wy_among all
the wy:

is the pth zero of the

0)2

) 2
o chhnder ] E5
20(wy, — o) N, (E5)

To understand the term 1/(wy, — ), consider the local
density of resonance near a particular w. Note that, unlike
the case of the sphere, which has one index, the density is
not constant for the cylinder due to having two indices p
and g. If the local density gets larger, the typical distance
between @ and wy _ gets smaller. This quantity is of the
order of the distance between neighboring resonant
frequencies:

Wy, —0 SOy — Oy . (E6)

This, in turn, is of the order of the “inverse local density of
resonance’’:

ow

Wy, — Wy 1~ ﬁ )

(E7)
where there are ON resonant frequencies between
and o + dw.

Next, we argue that ON is proportional to wdw for a two-

index family of resonant frequencies. First, consider the
following relation between the frequencies:

)C/ 2 V4 2
w} = w%pq = <%> + (%) =w, +w,. (E8)

Notice that this describes a circle of radius wy in w,w,
space. N, the number of resonant frequencies less than wy,
is proportional to (one quarter of) the area of the circle. If
we increase the radius of the circle by dw, the additional

2 2
Kgyﬁnder(a)) ~ ﬁG;,yjmder (B4)  ring hag an area 2rwydw, which is propqrﬂonal to SN, as
Wy, —® shown in Fig. 7(a). So we have the relation
Wp p
m—
UJNR
o e \
Wy wnd q
™
(a) (b)

FIG.7. (a) The shaded area of the ring is proportional to the incremental number of resonant frequencies SN. (b) The shaded area of the
ellipse is approximately equal to the number of resonant frequencies N.
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ON 2mwynd
N (E9)
N nwy
ow  wy
N T AN E10
SN 2N (E10)
Substituting into Eqs. (E7) and (E5), we get
linder
Kgy]inder(w) ~ |NG5\{ ae 2’ (El 1)

justifying the aforementioned name.

To find the value of N, we need to go to pgq space. By
Eq. (E8), we have an ellipse in pg space, with semimajor
and semiminor axes wyR/7 and wyd/x:

B P\ q \?
= ((UNR/77> " (de/ﬂ> ’

where we used x , ~ 7p for large p.

Now, consider the integer lattice of pg space. Every
point in this lattice with positive p and positive odd ¢
corresponds to a unique resonant frequency, as shown in
Fig. 7(b). So, the area of the ellipse is 8N:

(E12)

R d
8N = n<("%> (“’%) (E13)
Using wy = @, we now have
a)sz lind 2
R e FE T

Finally, for large p, we have the scaling

‘\/7 27797

(E15)

/
4x1]7

|ch11nder| _
(x'2 I~ 1)J,( xlp 6]71'

Using 0, # @, = w/+/2, this yields

[T o?R d|° | [Te2VR 1|
cyhnder Sﬂ' /—qﬂ_ - 87 ,—wp wq

(E16)

verifying our prediction of linear focusing for a cylindrical
cavity in Sec. IVA.

APPENDIX F: FIXED POLARIZATION
SCENARIO

Several cosmological generation mechanisms of dark-
photon dark matter (DPDM) result in a fixed polarization

scenario. This has a nontrivial interplay with the rotation of
the Earth, modifying our dark-photon limits. The authors of
[13] systematically studied this effect on experiments, but
that paper assumes continuous observables. Since our
observable is discrete (quantum transitions), we need a
different treatment.

1. Transition probability

We first define a coordinate system with the center of
Earth as the origin and the Earth rotation axis as Z (leaving %
and y arbitrary for now). At the location of the experiment,
define the unit vector pointing in the direction of the
magnetic field of the Penning trap to be B(r), which is
changing due to the rotation of the Earth. For our experi-
ment, this happens to point straight up toward the zenith,
making the calculation a bit simpler, although we will show
that the result can be easily generalized.

Writing B(f) in spherical polar coordinate, the polar
angle 0 is fixed and is determined by the latitude of the
location, while the azimuthal angle is rotating along with
the Earth, ¢(f) = wgt + ¢o. Here, wg is the angular
velocity of Earth rotation, given by one cycle per sidereal

day: wg = 5354—. We can write this vector as
sin 6 cos (1)
B(t) = | sin@sing(r) |. (F1)
cos @

Next, let the unit vector along the direction of the fixed
DPDM be A’. Without loss of generality, we can choose X
and y such that its azimuthal angle ¢, = 0. Then the
unknown cosmological polarization of DPDM can be
entirely parametrized by the polar angle 6,:

sin 0,
A= o . (F2)

cos b,

Finally, define the angle between B(r) and A’ to be af(r).
The quantity we are interested in is their dot product:

~ N

cosa(t) =A"- B(r) (F3)
= sin@sin 6, cos(wg? + @) + cos@cosh,. (F4)

It is easy to get 0 and ¢, for an arbitrary experimental
orientation. Suppose the direction of the Penning trap
magnetic field B does not point to the zenith, but instead
has both a north-south tilt Afyg and an east-west tilt ygyw.
The north-south tilt can be accounted for by our previous
formalism by modifying the definition of polar angle:
0 = Opcation + ABys. Having a ygw amounts to shifting
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@ — @ + Apgw. This is degenerate with ¢, and, hence,
makes no difference.

Now, consider the probability of observing no cyclotron
excitation in the presence of DPDM, which follows a
Poisson distribution. Consider the infinitesimal time inter-
val between ¢ and ¢+ dr. Let the average number of
excitations during this time be

di=T,.dt, (F5)
where the cyclotron transition rate I'.. is given by Eq. (75).
We will separate out its angular dependence by
[, =Tysin a(t) = T[y[1 = cos? a(t)], (F6)
which is always possible for a cavity with azimuthal
symmetry [see the discussion around Eq. (74)]. Notice
that this quantity depends on cos(6,) and ¢,, which are
both drawn from uniform distributions.

The conditional probability of observing no excitation
during the time interval dt conditioned on a polarization
angle 6, and initial azimuthal phase ¢, is

dP0(COS 0A7 (po) = e_dA(COSGA'(pO),

(F7)
where we have made explicit the dependence of di. To
convert the conditional probability to total probability, we
marginalize over the distribution of the two uncorrelated
conditions:

1
dPO:/ d(cos@,)P(cosby)
-1

2r
XA dpoP(po)dPy(cos 04, o) (F8)
_ [td(cos8,) [2mdp,
_ /_ o A 20 4py(cosOr.90)- (F9)

Since we have no prior knowledge of the DPDM polari-
zation angle and the initial azimuthal phase, we have taken
both to be uniform distributions: P(cosf,) =1 and
P(¢y) = 5-. Notice that, since the area element is propor-
tional to sin(6,)d6, = d(cos8,), this is the correct quan-
tity to have a uniform distribution, not 6, itself.

Finally, the total probability of detecting nothing over the
entire run-time of the experiment at a given frequency bin
from t =0 to t = t,, is the successive product of the
instantaneous probabilities:

= [ [P
dt

Ld(cos@y) (27 dgpg
= - -7 - P
/_1 > / o |dt|d 0(cos 04, )

0

(F10)

(F11)

1 2r
:/ M/ dq)OHexp —dA] (F12)
-1 0 dt
_ [1d(cosBy) Zﬂd(po

ld 9 2ﬂd Lobs
:/ M/ ﬂexp FO/ ’ dt[1 —cos?a(1)] ¢.
-1 2 0 27 0

(F14)

Substituting Eq. (F4) and incorporating the probability of
fast decay I'. — {T",, where { is the detection efficiency
given by Eq. (A43), we can finally find the CL = 90%
confidence level limit by solving the following equation for

[ fixed:

ld(cos@ 2r d
I_CL:PO(Cfobsﬁ):/ d(cos0y) 5 A)/ —2%
—1 0 T

tobs
X CXP{—C Lo fixed /0 dt

X [1 — [sin@sin O, cos(wgt + @)

+ cos 0 cos HA]Z] } (F15)

2. Long time limit

Although our current proposed parameters and the
previous proof-of-principle experiment [23] both have
observation times f,,, of several days, it is easy to adjust
our quality factor Q. to achieve a much shorter 7.
Therefore, we will discuss both the long and short
observation time limits (defined relative to a sidereal
day) and show that they, in fact, share the same result.

Equation (F15) tells us that the solution of I'(fiyeq
depends on f,, via an integration limit. Consider the case
that

2
T =ty,>1 day:—ﬂ.
g

(F16)

In this limit, we can write the time integral in terms of time
average,

(7)) = lim 209D

Jim S (F17)

Therefore, in the long time limit, the time integral of
Eq. (F15) becomes
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T
/ dt [1 — [sin@sinf, cos(wg? + ¢p) +COS(9COSGA]2:| ~T x (1—{[sinfsin@, cos(wg? + @y) +cosOcosby]?)7). (F18)
0

Using (cos(wgt + @o))r = 0 and (cos?(wg? + ¢y))7 = 1/2, we can then write the integral as

1
T x <1 —Esinzesin2 0, — cos® 6 cos? 9A>.

Now we are able to rewrite Eq. (F15) and simplify it:
1 d(cos 0 27
1= CL = Po(Llop. 0) —/ M/ al

1 2 2w

1 1
= {exp —CT0 fixedlobs (1 ) sin29> } /
-

(F19)

1
—exp{ —CT0 fixedlobs X (1 -3 sin’#sin’@, — c0529c0529A> } (F20)

(F21)

d 3
7x eXp{Cro’ﬁxedtobs <1 - E Sin26> Xz } .

For comparison, we also recall the random polarization case from Appendix A 5:

. 2
1-CL= PO(gtobs) = exp{_grc,randomtobs} = exp{_gro,random <Sln29A>tobs} = exp{_ ggro,randomtobs}- (F22)

a. Experiment in Chicago

The 0 in Eq. (F20) is a parameter that depends on the
location of the experiment. In our previous work [86], we
did a multiday proof-of-principle experiment in Chicago,
which satisfies the long time limit requirement
tops > 1 day. Therefore, we can use Eq. (F20) to calculate
1—‘O,fixed'

That experiment was located at Evanston, Illinois, which
has a latitude of 42.05°N, corresponding to a polar angle of
Ochicago = 90° —42.05° = 0.837. The total run-time was
fops = 638870s. Substituting these two numbers, we
numerically found a limit of

FO,ﬁxed < 6.55 x 10_68_] . (F23)

By comparison, the limit from Eq. (F22) is equivalent to
3 -6 o1 —6 o1
Lo random < 5 x 433 x107° 71 =6.50 x 107° s7!. (F24)

We see that the fixed polarization limit on € is only a little
bit weaker than that of random polarization, and we will see
below this is due to Ocpicago = 0.837 being not too far from
the optimal angle 6, = 0.955.

b. Optimal angle

In Fig. 8, we plot the numerical result from Eqgs. (F20)
and (F22), and it shows that the fixed polarization scenario,

in general, sets a worse limit than the random polarization
case. However, there is an optimal angle where they are
equal. By comparing Eqs. (F20) and (F22), it is obvious

. . . 2 _ 2
that this optimal polar angle occurs exactly at sin*(6,) = 3,
with 6, = 0.955.

3. Short time limit

For a short observation time where f,, < 1 day,
Eq. (F15) can be simplified as

No(s™")

0.00001
9x107°
8x107°
7x107°
0
0.2 0.4 0.6 0.8 1.0 1.2 1.4
FIG. 8. Transition rate vs polar angle of the Penning trap

magnetic field. The purple curve corresponds to the fixed
polarization case, while the green line is the random polarization
case.
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Id 0 27 fo+lobs
1 = CL = Py(tops: 0. 10) = /1 w/o % {CXP —CT0 fixed / e dt[l — [sin @sin @, cos(wgt + @)
— 1o

+ cos 0 cos HA]Z} } (F25)

1d 2] 27 d,
~ / w / % exp{—(:ro,ﬁxedtobs [1 — [sin @'sin 0, cos(wg o + @) + cos O cos eA]z} } (F26)
-1 0 T

Here, ¢, represents the initial time of each observation. Since we are scanning in frequency continuously, different values of

to can be regarded as representing an average value over the long observation period. Averaging Py ({Zqys, 0, to) over one day
gives the expected value of Py({qps, 0):

1d 2] 27
(Po(Ltops,0)) = / M/ ﬂexp{—cro,ﬁxedfobs< {1 — [sin@sin 6, cos(wgty + ¢o) + cos € cos HA]Z] > }
-1 2 0o 2m T=1 day

(F27)

Comparing this expression of (P ({t.ps, 0)) with Eq. (F18), it turns out that we get the same answer for these two limits.
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APPENDIX G: EXPERIMENTAL PARAMETERS

TABLEI. Optimal experimental parameters chosen to maximize cyclotron number n. and satisfy all other experimental constraints.
Independent variables’ lower and upper limits are listed, while dependent variables’ formulas are given.

Parameter Symbol Optimal Lower limit Upper limit
External magnetic field By 10T e BREAD experiment
Cavity size R I m BREAD experiment
Bottle ring magnetic field B, 027T e Maximum magnetic field
perturbation
Bottle size Ryt 0.5 mm Fabrication technique
Magnetic field gradient B, 1.08 x 10°T /m? B, — B,
2 - szi(“
Cyclotron radii e <3.9%x1072 mm ;o= fn 2
4 ¢ myw,
Effective magnetic field By it < 1.6 x 1073T Byetr = By x 12
perturbation
Axial amplitude Zmax 0.2 mm e Ry (diffraction & B,
anharmonicity)
Trap radius and height Rirap 0.5 mm Axial anharmonicty Ryo
Trap height d 1.02 mm d = 2.0478R,, (axial anharmonicity [77])
Trapping potential Vol ~225V (%)2 Trapping in axial Power supply
direction
Effective axial frequency = 9.8 MHz w? = W‘M +2n, ”mﬁ
Effective axial frequency shift 8 56.9 kHz 5=
0.1 meV\3 Y
Magnetron frequency Wy, —114 neVv (%) w,, = j X W;ﬁd’)
Signal formation time Tsignal 28x 107 s Tsignal = %
Detector quality factor Qe 2.9 x 10* Quet 2.8 % 10° (%
Quality factor efficiency q 0.0061 q= %
det
Detector damping rate Ha 56.2 kHz Vaer = g
Detection time tdet 28x107°s gt = yL
det
Circuit effective resistance Rese 380 kQ Ret = g X 6000 MQ( %)2
Image charge parameter d; 0.9 Depends on the aspect ratio Rld_ [77]
Axial damping rate = 1.4 kHz Y, =+ (%)ZReff ’
Circuit temperature Tr 0.01 K Cryogenic technology
Axial energy E, 0.43 meV E, =im,@2zhy
Signal to noise ratio SNR 5 Background
. > )
SNR time TSNR 2.87x 107" s fsNR = SI;;ZR
Averaging time Lave 2.87x 107 s max (fggnals fdets ISNR) Te
Cyclotron lifetime T, 2.87 x 106 5(1.2:_10") (Llme¥y2 7. = nL f:;fz
Cyclotron number ne 1.2 x 10°(2LmeY)2
Cyclotron linewidth Aw. 5x 1073 meV Aw,. = o, % Zax + TL
g - Do c
Cyclotron quality factor 0. 20-200 0. = 4=
Total detection time total 1000 days
Detection time per frequency bin 7 5.5 days fops = Lol Aw,
’ Myl max ~M A" min
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